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Abstract

We construct a simple model of monetary exchange where, as in
Lagos and Wright (2003), trades take place in both centralized and
decentralized markets. However, in constrast to Lagos and Wright, we
allow for general preferences and introduce nonconvexities (indivisibli-
ties) and sunspots. In the centralized market, agents can trade state-
contingent commodities. We show that nonconvexities and sunspots
make the model tractable by reducing the heterogeneity generated by
the randomness of the trading process in the decentralized market.
We show that the allocations in the centralized and decentralized mar-
kets are determined independently. In particular, the unemployment
rate in the centralized market is indenpendent of inflation. While the
allocation in the centralized market is efficient, the allocation in the
decentralized market is in general inefficient.

*We thank the participants of the FRB-Cleveland Monetary Theory Workshop August
2004. The views expressed herein are those of the authors and not necessarily those of
the Federal Reserve Bank of Cleveland or the Federal Reserve System.



1 Introduction

Everyone should agree that it is desirable to construct models in macro and
monetary economics with better microfoundations. Cass and Shell (1980)
advocate this position with respect to the overlapping generations model of
money described in Samuelson (1958), Shell (1971) and Wallace (1980), for
example. Cass and Shell argue "this basic structure has two general features
which we believe are indispensable to the development of macroeconomics
as an intellectually convincing discipline ... First it is genuinely dynamic

Second it is fundamentally disaggregative." They also "firmly believe
that a satisfactory general theory must, at a minimum, encompass some
diversity among households as well as some variety among commodities."
We think these words still ring true today, although in the generation since
they were written, a new microfounded monetary model based on search
theory has been developed that fits this description as well or better than
overlapping generations models. A drawback of early search models is that
for tractability reasons they had to make extreme assumptions about how
much money agents could carry, since otherwise the endogenous distribution
of money across agents became difficult to handle. These restrictions not
only seem inelegant, they also greatly hindered the use of the models for
monetary policy as it is usually formulated.

The subsequent literature developed in several directions. Some
people tried to relax these restrictions and see just how far one could get an-
alytically, while others proceeded with numerical methods (e.g. Green and
Zhou (1998), Zhou (1999), Camera and Corbae (1999), and Zhu (2003) pro-

ceed analytically, while Molico (1999, 2004) uses computational methods).



Still others tried to find assumptions to make the model less complicated,
so that analytic results would be relatively easy to derive, and hence the
model could be put to theoretical and practical use. There are two main
approaches. Shi (1997) assumes the fundamental decision-making units in
the model are not individuals, but large households consisting of agents who
share their money after each round of decentralized trade, and he appeals to
the law of large numbers to conclude that all households start the next round
of trade with the same amount of cash. Lagos and Wright (2002) alterna-
tively assume that there are centralized markets in cash and other goods
that open after each round of decentralized trade, and show that as long
as preferences are quasi-linear, all agents will leave these markets with the
same money holdings because, heuristically speaking, quasi-linearity implies
no wealth effect in the demand for money (assuming interior solutions).
While these approaches are quite useful, each comes with some baggage.
Several conceptual and technical issues with household models are discussed
in Lagos and Wright (2002); a clear problem with the alternative centralized
market approach is that quasi-linear preferences are obviously special and
entail several other implications that may be undesirable for some purposes.
In this paper we propose an alternative structure that also generates a degen-
erate distribution of money holdings in search-based models: we adopt the
centralized market structure in Lagos and Wright (2002), but rather than
quasi-linearity, we allow general utility functions and assume that some good
is indivisible. As is well known, in models with indivisibilities or some other
non-convexities, efficient allocations may require randomization — i.e. they
may involve lotteries (see e.g. Rogerson 1988, or the recent special issue of

JET). Intuitively, the idea is this: since expected utility will be linear in the



probabilities associated with these lotteries, one might conjecture that the
agents in our model may behave like the quasi-linear agents in Lagos and
Wright. While it is going to take a little work to make this precise, this
intuition turns out to be correct.

The way we proceed is to look for competitive equilibria that generate
randomized allocations via sunspots. Following Shell and Wright (1992) our
equilibrium concept is exactly that in Debreu (1959, chapter 7), where state-
contingent commodities are traded in centralized markets, and where it just
so happens that the state is a sunspot variable — i.e. it constitutes extrinsic
uncertainty in the sense that it has no impact on preferences, endowments
or technology. In equilibrium, we prove that agents who enter the market
with different amounts of money will generally buy or sell the indivisible
good with different probabilities, but they will all choose the same bundle
of divisible goods. In particular this implies that they all take the same
amount of money out of the centralized market and hence into next period’s
decentralized market. Hence we get a degenerate distribution of money
in the decentralized market (just like Lagos-Wright). A caveat is that this
works here (just like Lagos-Wright) only if all agents choose interior solutions
for the set of states where they buy or sell the indivisible good. We provide
conditions on fundamentals under which this is true.

The bottom line in terms of monetary theory is that we provide a new en-
vironment where money is valued due to explicit descriptions in the model of
frictions in the trading process, and yet things are analytically very tractable
because the distribution of money is degenerate, and hence as in other sim-
ple models of money, we can reduce the equilibrium conditions to a single

difference equation. At the same time, our results provide another example



of the role of sunspots in economics, although far from being detrimental
to economic activity, as in much of the early work following Cass and Shell
(1980), here sunspots are a good thing. As emphasized in Shell and Wright
(1992), in nonconvex economies sunspots can help us achieve an efficient
randomized allocation as a standard competitive equilibrium in the sense of
Debreu (1959, chapter 7). One thing not noticed in Shell and Wright (1992)
however is that in this equilibrium, assuming an interior solution, agents
will act as if they have quasi-linear preferences. That is, wealth effects van-
ish from the demand for divisible goods, including the demand for money.
From the perspective of trying to build tractable models of money, this is
very nice.

The rest of the paper is organized as follows...

2 A simple model

We consider a model with indivisible labor and sunspots based on Shell
and Wright (1993). The economy is composed of a measure one of con-
sumers indexed by ¢ € I, K firms indexed by k € {1,..., K}, J consumption
goods indexed by j € {1,...,J}, and a good in fixed supply called land.!
In the following section, we will reinterpret land as money by embedding
this framework into a model of monetary exchange. Consumption goods are
produced using labor. Agent i is endowed with one indivisible unit of labor,
some consumption goods cj), and some land m{. We denote M = [ midi
the aggregate stock of land and C = [ c{di the aggregate endowment in

consumption goods.

1One can view the model as dynamic by reinterpreting the vector ¢ as having com-
modities indexed by date.



Consumers value consumption, leisure and land. The utility function
is U(c, h,m) where ¢ € R:{ is consumption, m € Ry is land at the end of
the trading period and h € {0,1} is labor. The utility function is twice
continuously differentiable, strictly increasing in each of its argument, and
strictly concave.

Output is produced by firms according to a strictly concave production
function f (n) € R{ where n € RY is a vector of labor services used in the
production of the J consumption goods. Each consumer receives an equal
share in the profits of the firms.

The economy is subject to extrinsic uncertainty. There is a continuum
of states s € S = [0,1]. The realization of a state does not affect the fun-
damentals of the economy (such as preferences, technology or endowments),
and it is a random draw from a uniform distribution. Markets are complete
and agents can trade state-contingent commodities. We consider equilibria
where prices are constant across states. Denote p € ]RJJr the price vector
of consumption goods, w € Ry the price of labor, and the price of land is
normalized to one.

The problem of firm k£ is

;rlg?s/sw [nk(s)} ds, (1)
where 7 [n*(s)] = pf[n*(s)] — wan(s) and n?(s) is labor used by firm &
to produce good j in state s. According to (1), firm %k chooses labor input
in order to maximize its expected profits taking the price of consumption

goods and the wage as given.

Lemma 1 For all s € S, nF(s) = n*.



Proof. Direct from the strict concavity of 7 (n) and the assumption that
prices are constant across states. m

The previous lemma simply indicates that firms make the same labor
choice in all states. Let m(s) = >, 7%(s) denote the aggregate profits in
state s.

Each consumer chooses consumption, labor and land in each state in
order to maximize his expected utility. Agent i’s problem is

W (mf, ch) = max / {U( m’(s)]} ds (2)

hi(s),ct(s),mi(s

s.t. / {pc'(s) + m'(s)} ds = / {pch +wh'(s) + my +m(s)}ds.  (3)
S S
Equation (3) is a standard budget constraint where goods are state-contingent.

Denote S¢ = {5 €S :hi(s) = 1} the set of states where agent ¢ supplies his
indivisible unit of labor, and S = S\S.

Lemma 2 For all s € S, ¢'(s) = ¢, and m*(s) = m’ . For all s € S,

e
c(s) = ci, and mi(s) = m?,.
Proof. Direct from the strict concavity of U(c,h,m). m
The previous Lemma states that agents make the same choices in terms
of consumption and land in all states where they are employed. Note also
that agents only care about the measure of states where they are employed,
=/ gi s, and not about which particular state is in S¢. Agent i’s problem
(2)-(3) can be reexpressed as
W(mé,cg) max {EzU (ce, 1,m ) (1-— Zi)U (ci,O,me)} (4)
0.t et mi mi,

st L(pct +mi) + (1 — £ (pcl, +ml,) = pch +wl +mb +7m.  (5)



Denote I.( {2 €l:hi(s)= 1} the set of agents who work in state s
and I,,(s) =1 \Ie( ).2 Labor market clearing requires > . ik J f L(s
Integrating with respect to the state, and using the fact that n is constant

across states,
k i 1;
an = /Ezdz. (6)
gk !

The clearing of the land and goods markets implies

M = /mi(s)dz’ = midi +/ mi di, Vs e S. (7)
I Ie(s) Tu(s)

Zk:f<nk)+0—/lci(s)di—/l

e

¢m+/ cdi, VseS. (8)
(s) Lu(s)

Definition 3 A competitive equilibrium is an allocation {(ct,c,, 0!, mi, mi), I.(s), (n*)}
and a list of prices (w,p) such that:

(i) Given (w,p), (i, ct, 0',mi mt) solves (4)-(5).

(ii) Given (w,p), n* solves (1).

(i1i) (w,p) satisfies the market clearing conditions (6) and (7).

(iv) 0= f Liicr.(s }dS

Competitive equilibria where the choice for ¢ is interior for all consumers
have interesting properties. Denote A’ the Lagrange multiplier associated
with (5). Assuming ¢! € (0, 1), the first-order conditions for (¢, ¢t, ci,, m%, mi)

e’ buo

are

U (ct,1,mk) —U (c},0,ml) + X' (w — pck —ml +pcl, +ml) =0. (9)

er -

*The sets I.(s) and S: are related as follows: I.(s) = {i: s € S'}.



Uj(cé, l,mi) = Uj(cZ,O,mZ) = )\ipj, Vi=1,...,J, (10)

Um(cé,l,mi) = Um(ci,O,mi):)\i, (11)

where Uj is the partial derivative of U with respect to ¢; and U, is the partial
derivative of U with respect to m. According to (10), marginal utility of
consumption is equal across states. Similarly, according to (11), marginal

utility of land is equal across states.

Lemma 4 In any competitive equilibrium, (c., ck,,mb,m!,) = (e, Cuy Me, My,)

for all i such that £' € (0,1).

Proof. Equations (9)-(11) determine (¢!, ¢, m%, m! ) independently of agents’
initial endowments.

The previous lemma states that consumers make the same choices in
terms of consumption and land whenever their choice of labor is interior
even though they may have different initial endowments.

In the following we show how the equilibrium allocation when the initial
distribution of endowments is non-degenerate relates to the allocation when
it is degenerate. Denote (e, Cus 0, e, m,,) the equilibrium allocation, (p, W)
the prices and A the Lagrange multiplier associated with (5) when the initial
distribution of endowments is degenerate, i.e., m§ = M and ¢f = C for all
i € I. We assume that fundamentals (preferences, technology...) are such
that £ € (0,1).3 Consider then an economy where the distribution of initial

endowments is nondegenerate and let Fy be the distribution of agents’ wealth

3For prices to be constant across states, the measure of the set I.(s) must be constant
across states. To guarantee that this is satisfied, we construct the set of states where agent
¢ supplies his indivisible unit of labor as S¢ = [¢, 4 4+ 7] modulo 1.



where the endowments in terms of consumption goods are valued according

to the price vector p.

Proposition 5 There exists w and @ such that if supp(Fy)C [w,®] then
(ct, cly,mli,mb) = (Ce, u,he, hy) for alli € I and [, ('di = (. Furthermore,

€er)r-u’

W (m,c) = Mm + pc) + W where W € R,

Proof. From Lemma 4, if £ is interior and (p, w) = (p, W) then (ci,ci,mi, m?) =
(Ce, us e, Thy). From (5), [, 0idi = 0. Tt follows that (p,%) are market-
clearing prices. The interval [w, @] corresponds to the range of values for the
endowment w’ = m{ + pcl such that ¢¢ € (0,1). From (5) and (9), and after
some simplification,

A (M +pC — w') A

0= / 12
T (e, 0,ma) —U (e Lmg) 0 (12)

If U (cy,0,m4) —U (ce, 1,m.) > 0 then, £ € (0,1) requires w’ € (w,©) where

o = M+[U(cy,0,my) — U (ne, 1,me)] £/, (13)

A

w = M—[U(cu,0,my) = U (ce, 1,me)](1 = £)/X (14)
If U (cy,0,my) — U (e, 1,me) < 0 then w and @ are given by
@ = M—[U(cu,0,my) — U (ce,1,me)](1—0)/A, (15)
w = M+ [U(cu,0,my) — U (ce,1,me)] £/ (16)
From (4)-(5), the value function W satisfies

W (mi, ch) = 0'U (e, 1,10e) + (1 = £)U (¢4, 0, 172,)

FA el + Wl 4+ mi + 7 — £ (Pl + me) — (1 — 6)(péy +11) }

10



Using (9) the previous equation can be simplified to

~
A~ A~

W (mi, ch) = X (peh +m) + U (éu, 0,10) + A (T — ey — 1y,) -

Proposition 5 shows that economies with different distributions of endow-
ments have the same allocations for (c., ¢, me, m,,) whenever the distribu-
tion of endowments is not too disperse. In particular, they are characterized
by the same ex-post distribution of land with at most two mass points. Also,

it shows that the value function W is linear in the agent’s wealth.
Corollary 6 If 9*U/dc;0om = §?U/0hdm = 0 then m. = m, = M.

Proof. Immediate from (11). =

If the utility function is additively separable in m then the ex-post dis-
tribution land is degenerate. This result will be crucial to make the model
of monetary exchange in the next section tractable.

In the following, we consider two examples to illustrate Proposition 5.
In these examples, ci = 0 and land is additively separable in the utility

function.

Example 7 Assume U(c,h,m) = Alogc+L(h)+V (m) where L'(.) < 0 and
V(m) is strictly increasing and concave. Normalize L(1) to 0 and denote
L(0) = L. Assume further that production is linear, f(n) = an. Then,
me =my =M, cec =cy, =aA/L and n = A/L. So, n is interior if A < L.
From (18) and (14), w and & satisfy

w = M+A/V'(M),

M — (L — A)/V'(M).

S
I

11



As in the specification studied in Rogerson (1988), consumption and
leisure are additively separable in the previous example so that the reduced
form utility function, A log c— Lh, coincides with a quasi-linear specification.
We provide next an example where the reduced form utility function is not

quasi-linear.

Example 8 Assume U(c,h,m) = c*(1 — h+ b)17% + V(m) with a € (0,1)
and b > 0. Assume further that the production is linear, f(n) = an. Then,
cu = a(l+b)a/(1—a), ce =aba/(1l —a) and n =a(l +b). From (138) and
(14), w and @ satisfy

ac

o = M+(1 >aa(1+b)/V’(M),

—a

1—a

w = M—( a >a(1—a—ab)/V’(M).

This analysis shows that one round of trading in this competitive market
can eliminate the heterogeneity in terms of endowments assuming agents’
initial endowments are not too far away from the average. All agents have
the same consumption conditional on being employed or unemployed. The
only choice variable that adjusts to make up for the differences in endow-

ments is the measure of states in which agents are employed.

3 A model of monetary exchange

The previous section has shown how in the presence of indivisible labor
the ex-ante heterogeneity in terms of endowments was endogenously washed
out. This formalization can provide a useful device to make some mod-
els with heterogeneity tractable. For instance, search-theoretic models of

monetary exchange assume that agents are subject to idiosyncratic risks

12



regarding their trading opportunities so that the distribution of money bal-
ances in equilibrium is non-degenerate. This non-degenerate distribution is
what makes the model very difficult to analyze. To reduce this complexity,
Lagos and Wright (2003) assumed that agents access competitive markets
periodically, and were endowed with a quasi-linear utility function in order
to eliminate wealth effects. As a consequence, all agents start each round
of decentralized meetings with the same money balances. We show here an
alternative way to obtain a degenerate distribution of money balances based
on the formalization described in the previous section. In contrast to Lagos
and Wright’s device, we do not need the quasi-linear specification for the
utility function but we do need indivisible labor and extrinsic uncertainty.
Also, we will use the full strength of the competitive paradigm by allowing
agents to trade state-contingent commodities.

We now consider an intertemporal economy where there is an essential
role for money. Time is discrete and each period of time is divided into
two subperiods called day and night. During the day, there is a centralized
market similar to the one described in the previous section where agents
trade state-contingent commodities and indivisible labor. With no loss, we
assume that there is a single consumption good and a single firm in the
centralized market, and agents have no endowment in terms of this good
(ch = 0). The utility function over these goods is U(c, h).

At night, there is a decentralized market where agents are matched bi-
laterally and at random. Agents in this market are anonymous and cannot
use debt to implement trades. As is standard in search-theoretic models
of monetary exchange, there is a double coincidence of wants problem in

the decentralized market that generates an essential role for money. This

13



problem is described as follows. There are several perfectly divisible and per-
ishable goods that are produced and consumed in the decentralized market
and agents are specialized in both production and consumption. We assume
that there is no double coincidence of wants meetings. The probability for
an agent to meet someone who produces the good he likes is 0 < 1/2. Sym-
metrically, the probability to meet someone who likes the good that one
produces is also 0. Agents’ utility function in the decentralized market is
u(q®) —c(q®) where ¢” is amount bought and ¢* the amount sold. We assume
that u(q?)—c(g®) is strictly concave. Furthermore, we denote ¢* the quantity
that solves u/(q) = ¢/(q). The discount factor between the day and night is
denoted 8¢ and the discount factor between the night and the following day
is 8. We denote 8 = 3¢3™.

Fiat money is perfectly divisible, durable and is intrinsically useless. The
stock of money in the economy in period t is M;. The supply of money is
growing at the gross growth rate v > 3, i.e., My11 = vM,;. Money is injected,

or withdrawn, through lump-sum transfers in the centralized market.
3.1 Efficient allocation

We consider a social planner who maximizes the sum of the utilities of all
agents subject to some feasibility constraints as well as the search frictions
in the decentralized market. Denote [ C I x I the set of bilateral matches
in the decentralized market where (i,7) € I if i and j are matched and i is
the buyer in the match. The planner’s problem can be written recursively

as follows

W* = s // (s)]dids+3° [/1 [u(q") — c(¢”)] dli, 5) | +BW*
(17)

14



IN

s.t. / c'(s)di f[ / hi(s)di], Vs (18)
¢ < ¢, V(,j)el (19)

Denote 1¢(s) the set of agents who are working in state s and let £(s) be the

measure of this set.

Proposition 9 The efficient allocation is such that

¢ =q¢ =q", V(,j) €l (20)

c(s) = ¢ for all i € I¢(s), c'(s) = c* for all i € I\I®(s), £(s) = £ for all s.

Assuming an interior solution, (c¢,c*,f) satisfies

Ucce, 1) = Uec(cy,0), (21)
U (es1) = U (cu,0) = Ueclcu,0) [ce —cu — f'(0)] (22)
4+ (1=0c" = f(0). (23)

Proof. From (17) and (19), ¢' = ¢/ = argmax[u(q) — ¢(q)] for all (i,5) € I.
From the strict concavity of U(c, h), ci(s) = c°(s) for all i € I°(s) and
c'(s) = c¥(s) for all i € I\I®(s).It can also be noticed that the maximization

problem is separable across states. We can therefore rewrite the problem as

W* = 33,13?‘/(] (c?, 1) + (1 = OU (¢*,0) + B [u(q*) — c(q*)] + BW* (24)
st b+ (1=0)c" < f(0). (25)
The first-order conditions to this problem are (21) and (22). m
3.2 Equilibrium

The problem of agent 4 in the centralized market is

Wimi) =  max /S [U16(9), () + 8V Imi(s)) } ds, (26)

hi(s),ci(s),mt(s)

15



Cpct +mi) + (1 — ) (pcl, +mi) = wl' +ml +7 +T.

where V(m) is the value function of an agent with m units of money in
the centralized sector and where 7" is the lump-sum transfer (or tax). From
Proposition 5, m® = m" = M assuming m is in some relevant range. So, the
distribution of money balances at the beginning of the decentralized market
is degenerate. Furthermore, the value function W(m) is linear in m with
W'(m) = A\

Let n be employment in the centralized market, i.e., n = f 0idi. From

(9), (10) and (8), the allocation (ce, ¢y, n) is determined as follows.

U (e 1) = U (u, 0) 4+ Uelcw,0) [f'(n) — ce + cu] =0, (27)
Uc(ce, 1) = Ue(cy,0), (28)
f(n) =nce+ (1 —n)ey. (29)

From (10), the choice of money balances satisfies
BV (m) = \. (30)

In a meeting, the terms of trade (g, d), where ¢ is the production of the
seller and d the amount of money he receives from the buyer, depend on
the money holdings of the buyer and the seller. The utility of agent ¢ in the

decentralized market obeys the following Bellman equation
Von') = o [ {ulatnd, m )]+ 5W- ot = dem )]} s ()

—i—a/ {—clg(m?,m")] + B"Wii[m' + d(m?,m")]} dFy (m?)+(1—20) 8" W1 (m?),
(31)

16



where Fj(m/) is the distribution of money balances across agents. As we
have seen above, assuming the distribution of money balances at the begin-
ning of the period is not too disperse, F(m) is degenerate.

One can make different assumptions regarding the formation of the terms
of trade in the decentralized market. Here, we follow the literature since Shi
(1995) and Trejos and Wright (1995) and assume that terms of trade are

determined according to the generalized Nash bargaining solution.

max [u(g) + 8" Wi (m' — d) — B"Wia(m?)]” [~elq) + B Wir(md + d) — B"W(m?)] ™,

g,d<m’

(32)
where 6 € (0,1] is the buyer’s bargaining power. Using the linearity of
Wi1(m), (32) can be simplified to

max [u(g) — B"A1d)’ [—c(q) + B Aiad]) 7. (33)
q,d<m?

The solution to (32) is ¢ = ¢* and d = m* = g(g*)/BA41 if m* > m*, and

g(q) = B"Ay1m! and d = m' otherwise, where

_ 0u'(g)e(q) + (1 = 0)c (g)ulq)
99 = T =0

Note that the terms of trade (¢,d) do not depend directly of the money

balances m’ of the seller in the match. They do depend, however, on the
marginal value of money )\il of the seller j, but /\j+1 is independent of ij
for all ij in some interval (See previous section).

Using the fact that SA;1d = g(q), the Bellman equation (31) can then

be rewritten as

V(m') = o {ulg(m")] - g[Q(mi)]}JrJ/ {—cla(m?)] + g [a(m?)] } dF1 (m? ) +5" Wi ().
(34)

17



From (34), V'(m') = o [u/(q) — ¢'(@)] ¢'(m*)+8" A41 where ¢'(m’) = 8"\ 11/g'(q)
if m* < m* and ¢/(m?) = 0 for all m* > m*. Equation (11) yields
A
gt

In the following, we focus on steady state equilibria where AM is constant.

=0 [u'(q) — g'(9)] ¢ (m") + B"A11. (35)

This implies A = yA;1. Since ¢/(m?) = 0 for all m* > m*, it is easy to
check from (35) that m! < m* for all v > 3. Using the fact that ¢/(m’) =

BA+1/9'(q) (35) yields

u(q) | =B
g’(q)_1+ Bo

We now have to impose conditions to guarantee that W(m) is linear

(36)

for the values of m in the support of Fy. In equilibrium, using the fact
that agents receive a lump-sum transfer equal to yM_1,the support of the
distribution Fy at time ¢ is {M — M_q, M, M + M_1}. Therefore, we need
to impose conditions so that m > M + M_; and m< M — M_;. Assume
U (¢y,0) — U (ce, 1) > 0 which is the common case where leisure is a normal

good. Conditions (13) and (14) require

AM_1 <[U (¢y,0) = U (ce,1)]min (1 —n,n). (37)
Since A1 M = g(q), (37) can be rewritten as

9(q) < B[U (cu, 0) = U (¢, 1) min (1 —n,n). (38)

Similarly, if U (¢y,0) — U (ce, 1) < 0 then (15) and (16) yield a condition

identical to (38).

Definition 10 A steady-state monetary equilibrium is a (q,ce,cy,n) that

satisfies (36), (27), (28), (29).

18



Proposition 11 (i) The allocation (ce,cy,n) in the centralized market is
efficient. (ii) The allocation q in the decentralized market is efficient iff

v = and 0 = 1. The optimal monetary policy is the Friedman rule.

Proof. (i) Direct from the comparison of (21)-(23) and (27)-(29). (ii) Direct
from (36). m

There is a dichotomy between the centralized market and the decen-
tralized one. The allocation in the centralized market is identical to the
allocation of the nonmonetary economy. The allocation in the decentralized
sector is in general inefficient because of the monetary wedge (v > /) and

the inefficiencies generated by Nash bargaining when § < 1.4

Corollary 12 The unemployment in the centralized market is independent

of the money growth rate ~y.

A change in the inflation rate does not affect aggregate production and
consumption in the centralized sector. In particular, the fraction of agents
who are unemployed is independent of +. So, the model predicts a verti-
cal long-run Phillips curve. Even though inflation does not affect aggregate
employment, it does affect how employment is distributed across agents.
Assuming leisure is a normal good, the fraction of rich agents who are unem-
ployed falls and the fraction of poor agents who are unemployed increases as
the inflation rate increases. In other words, the Phillips curve is downward-
sloping for rich agents, upward-sloping for poor agents, and vertical for

agents holding the average money holdings.

4These inefficiencies generated by the nonmonotonic nature of the Nash solution are
not robust across bargaining solutions. See Rocheteau and Waller (2004).
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4 Conclusion

What a beautiful model!
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