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Abstract

1. Introduction

2. The Economy

There is one period and one consumption good in the economy. There

are three consumers, h 2 H = f1; 2; 3g: The consumption set of each type
of consumer is Xh = R+. The endowment of type h is !h � 0. There exists
income endowment inequality such that !1 < !2 < !3. Consumer 1 is poor,

and consumer 3 is the richest. Consumer 2 has the average income of the

economy, i.e., !2 = (!1 + !2 + !3) =3. The income inequality provides an

incentive for the government to use income-redistribution policies.

Three consumers have identical preferences which are represented by a

vMN utility function uh : Xh ! R. We assume that

uh(x) = log(xh):

These preferences ensure that the equilibrium is unique. We introduce sunspots

in the economy. The idea of extrinsic uncertainty can be illustrated with two

extrinsic states of nature s = �; �, that occur with probability � (�) ; � (�) ; 0 <

� (�) < 1; � (�) = 1� � (�). Mr. h maximizes his expected utility
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Vh = � (�) log(xh (�)) + � (�) log(xh (�)) for h = 1; 2; 3:

The social welfare function W is the sum of the individual expected util-

ities:

W = V1 + V2 + V3:

The maximum possible social welfare is W = log
�
!1+!2+!3

3

�
, which can be

achieved when the tax-authority levels all individuals�expected utility values

under money taxation. See CGKS (2015).

3. Money Taxation

We introduce endogenous taxes that are denominated in units of money

with: � 2 R3 where � = (� 1; � 2; � 3). Each individual�s lump-sum dollar

tax is also independent of s, �h (�) = �h (�) = �h. If �h is negative, he is

subsidized. If �h is zero, he is neither taxed nor subsidized. The tax and

transfer plan is balanced, i.e., � 1 + � 2 + � 3 = 0.

We work in the traditional framework of economic policy formulation

where consumers form price expectations and the policy maker then chooses

the tax policy. Given these expectations an equilibrium outcome is realized.

In equilibrium, the price expectations of consumers must be consistent with

the equilibrium outcome: rational expectations must hold. Figure 1 is the

time-line.

Expectation
formed

Taxes
chosen

Securities
traded

State
realized

Taxes collected
& securities paid

Consumption

Figure 1: The time line

Here are three basic cases based on the pattern of the asset market re-

strictions: (U) unrestricted security market participation allowing for perfect
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risk-sharing among the 3 consumers, (I) Incomplete securities-market partic-

ipation allowing for risk-sharing between 2 of the consumers but not the

third, and (R) Fully restricted securities-market participation, in which none

of the consumers can hedge against price-level �uctuations. CGKS (2015)

show that the social welfare is lower as (1) the asset market is more restricted

and (2) the price-level volatility is higher.

In the case of perfect risk-sharing, sunspots do not matter and the �rst-

best social welfare is achieved. The most interesting cases are when some

consumers are restricted and others are not. Consider, for example, the case

in which Mr 2 and Mr 3 have access to the security market and Mr. 1 does

not.

Let p(s) be the ex-ante (accounting) price of chocolate delivered in state s

and pm(s) be ex-ante (accounting) price of money delivered in state s. Then

Pm(s) = p(s)=pm(s) is the chocolate price of money in s, while 1=Pm(s) is

the money price of chocolate in s, or the general price level in s.

The problem of restricted consumer 1 is simple. He chooses x1(s) > 0 to

maximize log (x1(s))

subject to

p(s)x1(s) = p(s)!1 � pm(s)� 1

for s = �; �.

De�ne the tax-adjusted endowment e!h (s) = !h � Pm(s)�h. Then, Mr
1�s budget constraint reduces to

x1(s) = e!1 (s)
for s = �; �. Mr 1 is passive: he consumes his tax-adjusted endowment in

each state.

Mr 2 and Mr 3 trade in the securities market and the spot market. Each

faces a single budget constraint. Mr h�s problem is to choose (xh(�); xh(�)) >

0 to

maximize Vh;
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subject to

p(�)xh(�) + p(�)xh(�) = (p(�) + p(�))!h � (pm(�) + pm(�)) �h; (1)

for h = 2; 3. From the �rst-order conditions, we have

p(�)

p(�)
=
� (�)x2 (�)

� (�)x2 (�)
=
� (�)x3 (�)

� (�)x3 (�)
: (2)

Market clearing implies

x1(s) + x2(s) + x3(s) = !1(s) + !2(s) + !3(s);

or simply

x1(s) + x2(s) + x3(s) = e!1(s) + e!2(s) + e!3(s); (3)

for s = �; �. Since x1(s) = e!1(s), so we obtain
x2(s) + x3(s) = e!2 (s) + e!3 (s) for s = �; �: (4)

Equation (4) de�nes the relevant tax-adjusted Edgeworth box (typically

a proper rectangular). The set of equilibria is typically very large, but we

focus on a sub-set in which volatilities can be ranked. We measure volatility

by the mean-preserving spread parameter � de�ned by

Pm(�) = Pm � �

� (�)

Pm(�) = Pm +
�

� (�)

where Pm is the non-sunspot equilibrium chocolate price of dollars and �

belongs to [0; � (�)Pm). When � = 0, the equilibrium allocations are not

a¤ected by sunspots (a non-sunspots economy). When � > 0, the economy

is a proper sunspots economy. State � is the in�ationary state: a dollar buys

less chocolate in state � than in state �. State � is the de�ationary state: a

dollar buys more chocolate in � than in �.

CGKS (2015) shows that as volatility � increases, social welfare decreases
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when some consumers are restricted from asset-market participation. Under

perfect risk-sharing, the maximum social welfare is always achieved for any

level of volatility �.

4. Who will be subsidized and taxed?

This section investigates whether each individual is taxed or subsidized

when the government implements income-redistribution policy based on mon-

etary taxes-and-subsidies. The taxed guy would be better o¤ through mon-

etary income-redistribution policy while the subsidized guy would be worse

o¤. It is somewhat trivial that the rich (consumer 3) is taxed and the poor

(consumer 1) is subsidized (see Lemma 1 for the proof). However, the middle-

income guy can be subsidized or taxed based on the structure of asset-market-

restriction. Because the poor one supports the income-redistribution policy

and the rich one objects the policy, whether to implement the policy or not

is determined by the middle-income guy. When individuals need to vote be-

tween no-policy vs. monetary redistribution policy, the no-policy (monetary

distribution policy) will be �nally selected if the middle-income guy is taxed

(subsidized) under the monetary redistribution policy.

The following lemma shows that for any asset-market restriction structure

and for any price-volatility level, under the monetary income-redistribution

policy the rich one is always taxed and the poor one is always subsidized.

Lemma 1 For any volatility level � and for any asset-market restrictions
(U,I,R), the rich one is taxed and the poor one is subsidized under the mon-

etary income-redistribution policy.

Proof. By contradiction, the rich (Mr 3) is not taxed under fully re-

stricted securities-market participation. Denote ePm as a random variable

such that ePm = fPm(�); Pm(�);� (�) ; � (�)g. The tax-authority�s maxi-
mization problem can be expressed as

W = max
�
E log

�
!1 � ePm� 1�+ E log �!2 � ePm� 2�+ E log �!3 � ePm� 3�
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subject to

� 1 + � 2 + � 3 = 0:

De�ning V3(� 3;R) as consumer 3�s expected utility under fully restricted

securities-market participation, the cost of taxation at � 3 = 0 is

�@V3(0;R)
@� 3

=
Pm

!3
: (5)

For any level of taxation � 2 = 0, the bene�t of decreased taxation (subsidy)

for Mr 2 is that
@V2(0;R)

@ (�� 2)
=
Pm

!2
: (6)

Because !3 > !2, the cost is smaller than the bene�t, which implies that

the marginal increase in taxation for Mr 3 increases the social welfare. This

contracts that the rich is not taxed. In the same way, we can prove that the

poor one is always subsidized under fully restricted securities-market.

For the small increase/decrease in taxation at � = 0, the utility changes

for all three cases of asset-market participation are identical. That is

@Vi(0;U)

@� i
=
@Vi(0; I)

@� i
=
@Vi(0;R)

@� i
for i = 1; 2; 3:

because where � = 0, there is no uncertainty in tax-adjusted endowment

and therefore, no need to do risk-sharing. Therefore, for the cases of perfect

risk-sharing and partially risk-sharing, we can prove the rich is taxed and the

poor is subsidized in the same way.

We will �rst check the simple case where all consumers are doing perfect

risk-sharing in the market. Under the perfect risk-sharing, the maximum

welfare, W = log
�
!1+!2+!3

3

�
; is achieved and the middle-income guy would

not be taxed nor subsidized.

Proposition 1 Under the perfect risk-sharing, the middle-income guy (Mr
2) is not taxed nor subsidized.

Proof. Where the 3 consumers do perfect risk sharing, p(�) and p(�) are
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invariant in �:
p(�)

p(�)
=
�(�)

�(�)
:

Each consumer chooses xh (�) = xh (�), because we have

xh (�)

xh (�)
=
p(�)=�(�)

p(�)=�(�)
= 1:

With xh (�) = xh (�), the equilibrium Vh can be expressed as

Vh = log f!h � (Pm(�) + Pm(�)) �hg

and social welfare can be expressed as

W (U) = max
�1;�2;�3

P
h2H

log f!h � (Pm(�) + Pm(�)) �hg

subject to � 1 + � 2 + � 3 = 0:

By the �rst order conditions, we obtain

� (Pm(�) + Pm(�))
!1 � (Pm(�) + Pm(�)) � 1

=
� (Pm(�) + Pm(�))

!2 � (Pm(�) + Pm(�)) � 2
=

� (Pm(�) + Pm(�))
!3 � (Pm(�) + Pm(�)) � 3

;

which implies that

x1 (�) = x1 (�) = x2 (�) = x2 (�) = x3 (�) = x3 (�) (7)

=
!1 + !2 + !3

3
;

and therefore, we have x2 (�) = x2 (�) = !2.

Now, we move to the case of partially restricted asset-market participa-

tion. There are three possible cases: (1) Mr 1 and 3 do risk-sharing but Mr

2 does not, (2) Mr 1 and Mr 2 (the poor one and middle-income guy) do

risk-sharing and Mr 3 does not, and the most interesting case, Mr 2 and 3

(the middle income and the rich) do risk-sharing but Mr 1 does not.

The common fact in three cases is that optimization entails leveling the

expected utilities among the group of consumers who have access to the
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hedging market, which is shown in the following Proposition.

Proposition 2 (Proposition 2 in CGKS 2016) In a partially restricted mar-
ket, if Mr h and Mr h0 do risk-sharing, we have xh(�) = xh0(�) and xh(�) =

xh0(�) and, therefore, Vh = Vh0

Proof. For the detailed proof, see CGKS (2015).

We �rst check the case where the poor one and the rich one do risk-sharing

under the partially restricted asset-market participation.

Proposition 3 When Mr 1 and 3 do risk-sharing and Mr 2 does not, Mr 2
is not taxed nor subsidized.

Proof. From Proposition 2, we know that V1 = V3. Then, the maximization
problem is that

max
�2
V1 + V2 + V3 = max

�2
2V1 + V2

= max
�2
2E log

 
!1 + !3 + ePm� 2

2

!
+ E log

�
!2 � ePm� 2� :

By the �rst-order condition, we have

2E
ePm

!1 + !3 + ePm� 2 � E
ePm

!2 � ePm� 2 = 0: (8)

Because !2 = (!1 + !3) =2, equation (8) can be expressed as

E
ePm

!2 + ePm �2
2

� E
ePm

!2 � ePm� 2 = 0: (9)

The solution for equation (9) is � 2 = 0.

In the two cases where the asset market is perfectly open to everyone

and it is closed for the middle-income guy, the maximum social welfare is

achieved and the middle-income guy is not taxed nor subsidized. However,

under restricted asset-market participation, the middle-income guy can be

taxed or subsidized, which is shown in the following section.
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5. When is the middle-income guy taxed or

subsidized?

In the section, we will investigate whether the middle-income guy is taxed

or subsidized under the 2 scenarios of asset-market participation: (1) the

poor one is restricted from asset-market participation, and (2) the rich one is

restricted from asset-market participation. When Mr 1 (the poor) does not

participate in the asset market, the price-level volatility resulting from the tax

policy is directly connected to Mr 1�s consumption volatility. Therefore, the

monetary subsidy to Mr 1 becomes ine¢ cient in increasing social welfare and,

consequently, the tax authority decreases subsidies to Mr 1. The decreased

Mr 1�s subsidy enables Mr 2 to be subsidized, which is shown in the following

proposition.

Proposition 4 Where the middle income-guy (Mr 2) and the rich (Mr 3)
do risk-sharing but the poor (Mr 1) does not, the middle income-guy is sub-

sidized.

Proof. Directly from following Lemmas 2 and 3.

The following lemma shows that the subsidy to Mr 1 is decreasing in

volatility � if Mr 1 is restricted from asset-market participation.

Lemma 2 Where Mr 2 and Mr 3 do risk-sharing but Mr 1 does not, the
optimal amount of subsidy to Mr 1 decreases.

Proof. The maximization problem can be written as

W = max
s1
E log

�
!1 + ePms1�+ 2E log !2 + !3 � ePms1

2

!
(10)

where s1(= � 1) represents the amount of subsidy to Mr. 1.

The �rst order condition of the maximization problem (10) is

E
ePm

!1 + ePms1 � E 2 ePm
!2 + !3 � ePm� 1 = 0: (11)
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Let�s de�ne g(x; s1) and h(x; s1) as

g(x; s1) =
x

! + xs1
and h(x; s1) =

2x

!2 + !3 � xs1
:

Then, the �rst order condition in equation (10) can be expressed as

Eg
� ePm; s1�� Eh� ePm; s1� = 0 (12)

Implicitly di¤erentiating equation (12) with respect to �, we have

Eg1

� ePm; s1� @ ePm
@�

+Eg2(x; s1)
ds1
d�
�Eh1

� ePm; s1� @ ePm
@�

�Eh2(x; s1)
ds1
d�

= 0;

and, in turn,

ds1
d�

= �
Eg1

� ePm; s1� @ ePm
@�

� Eh1
� ePm; s1� @ ePm

@�

Eg2(x; s1)� Eh2(x; s1)
: (13)

Where s1 > 0, g(x; s1) is decreasing in s1 and concave in x. h(x; s1) is increas-

ing in s1 and convex in x. Therefore, Eg2(x; s1) < 0; Eg1
� ePm; s1� @ ePm

@�
< 0;

Eh2(x; s1) > 0; and Eh1
� ePm; s1� @ ePm

@�
> 0: Thus, we acquire

ds1
d�

< 0;

which implies that the amount of subsidies to the poor one is decreasing in

volatility.

The following lemma indicates that the middle-income guy will be subsi-

dized if the poor one is restricted from asset-market participation. The main

result of the following lemma can be directly used for the proof of Proposition

4.

Lemma 3 Where the middle one (Mr 2) and the rich one (Mr 3) do risk-
sharing but the poor one (Mr 1) does not, the middle one (Mr 2) is subsidized,

i.e., � 2 < 0.
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Proof. We know that where � = 0; the tax-authority levels all three con-

sumers�utilities and it is true that Pms1 = !3�!2. Therefore, from Lemma
2 we have Pms1 < !3 � !2 when � > 0. Because V2 = V3, the tax-adjusted
wealth of Mr 2 should be the same as that of Mr 3. Hence, we have

p(�)!2 + p(�)!2 � p(�)Pm(�)� 2 � p(�)Pm(�)� 2 (14)

= p(�)!3 + p(�)!3 � p(�)Pm(�)� 3 � p(�)Pm(�)� 3:

Equation (14) can be expressed as

(!3 � !2) =
p(�)Pm(�) + p(�)Pm(�)

p (�) + p(�)
(� 3 � � 2) : (15)

We have

p(�)Pm(�) + p(�)Pm(�)

p (�) + p(�)
=

� (�) (!2 + !3 � Pm(�)s1)Pm(�)
+� (�) (!2 + !3 � Pm(�)s1)Pm(�)

!2 + !3 � s1
(16)

=
(!2 + !3)P

m � Pm(�)Pm(�)s1
!2 + !3 � [� (�)Pm(�) + � (�)Pm(�)] s1

=

 
(!2 + !3)� Pm(�)Pm(�)

Pm
s1

(!2 + !3)� [� (�)Pm(�) + � (�)Pm(�)] s1

!
Pm:

We want to show that p(�)P
m(�)+p(�)Pm(�)
p(�)+p(�)

< Pm by proving that

Pm(�)Pm(�)

Pm
< [� (�)Pm(�) + � (�)Pm(�)] (17)

Inequality (17) is equivalent to

Pm � �

� (�)
+

�

� (�)
� �2

� (�)� (�)Pm
< Pm � � (�)�

� (�)
+
� (�)�

� (�)
:
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Because� 1
�(�)

+ 1
�(�)

= ��(�)+�(�)
�(�)

+�(�)+�(�)
�(�)

= ��(�)
�(�)

+�(�)
�(�)

and� �2

�(�)�(�)Pm
<

0, inequality (17) is true. From (17), we have

p(�)Pm(�) + p(�)Pm(�)

p (�) + p(�)
< Pm: (18)

From inequalities (15) and (18), we have

(!3 � !2) < Pm (� 3 � � 2) : (19)

Then we plug � 3 = s1 � � 2 into inequality (19),

2� 2 < �
(!3 � !2)
Pm

+ s1: (20)

Because Pms1 < !3 � !2 (Lemma 2), from inequality (20) we have

2� 2 < �
(!3 � !2)
Pm

+ s1 < �
(!3 � !2)
Pm

+
(!3 � !2)
Pm

= 0

Therefore, � 2 < 0.

Now, consider that the rich one is restricted from the asset market par-

ticipation. In this case, the price-level volatility is directly connected to Mr

3�s consumption volatility. Therefore, increasing monetary taxes to Mr 3 is

ine¢ cient in increasing social welfare and, consequently, the tax authority

would decrease the taxes to Mr 3 and decides to collect more taxes from Mr

2, which is shown in following Proposition.

Proposition 5 Where the poor one (Mr 1) and the middle one (Mr 2) do
risk-sharing but the rich one (Mr 3) does not, the middle one (Mr 2) is taxed.

Proof. Directly from following Lemmas 4 and 5.

The following lemma shows that the tax to Mr 3 is decreasing in volatility

� when Mr 3 is restricted from asset-market participation.

Lemma 4 Where Mr 1 and Mr 2 do risk-sharing but Mr 3 does not, the
optimal � 3 strictly decreases in �.
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Proof. The maximization problem can be written as

W = max
�3
2E log

 
!1 + !2 + ePm� 3

2

!
+ E log

�
!3 � ePm� 3� (21)

The �rst order condition of the maximization problem (21) is

E
2 ePm

!1 + !2 + ePm� 3 � E
ePm

!3 � ePm� 3 = 0: (22)

Let�s de�ne g(x) and h(x) as

g(x; � 3) =
2x

!1 + !2 + x� 3
and h(x; � 3) =

x

!3 � x� 3
:

Then, the �rst order condition in equation (22) can be expressed as

Eg
� ePm; � 3�� Eh� ePm; � 3� = 0 (23)

Implicitly di¤erentiating equation (23) with respect to �, we have

Eg1

� ePm; � 3� @ ePm
@�

+Eg2(x; � 3)
d� 3
d�
�Eh1

� ePm; � 3� @ ePm
@�

�Eh2(x; � 3)
d� 3
d�

= 0

d� 3
d�

= �
Eg1

� ePm; � 3� @ ePm
@�

� Eh1
� ePm; � 3� @ ePm

@�

Eg2(x; � 3)� Eh2(x; � 3)
g(x; � 3) is decreasing in � 3 and strictly concave in x. h(x; � 3) is increasing in

� 3 and strictly convex in x. Therefore, Eg1
� ePm; � 3� @ ePm

@�
< 0, Eh1

� ePm; � 3� @ ePm
@�

>

0, Eg2(x; � 3) < 0 and Eh2(x; � 3) > 0. Thus, we acquire

d� 3
d�

< 0

The following lemma shows that the middle-income guy will be taxed if

the rich one is restricted from asset-market participation. The main result
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of the lemma can be directly used for the proof of Proposition 5.

Lemma 5 Where Mr 1 and Mr 2 do risk-sharing but Mr 3 does not, Mr 2
is taxed, i.e., � 2 > 0.

Proof. We know that where � = 0; it is true that Pm� 3 = !3�!1
2
. Therefore,

from Lemma 4 we have Pm� 3 < !3�!1
2

if � > 0. Because V1 = V2, the

tax-adjusted wealth of Mr 1 should be the same as that of Mr 2. Hence, we

have

p(�)!1 + p(�)!1 � p(�)Pm(�)� 1 � p(�)Pm(�)� 1 (24)

= p(�)!2 + p(�)!2 � p(�)Pm(�)� 2 � p(�)Pm(�)� 2:

Equation (24) can be expressed as

(!2 � !1) =
p(�)Pm(�) + p(�)Pm(�)

p (�) + p(�)
(� 2 � � 1) : (25)

We also have

p(�)Pm(�) + p(�)Pm(�)

p (�) + p(�)
=

� (�) (!1 + !2 + P
m(�)� 3)P

m(�)

+� (�) (!1 + !2 + P
m(�)� 3)P

m(�)

!1 + !2 + � 3

=
(!1 + !2)P

m + Pm(�)Pm(�)� 3
!1 + !2 + [� (�)Pm(�) + � (�)Pm(�)] � 3

=

 
(!1 + !2) +

Pm(�)Pm(�)
Pm

� 3

(!1 + !2) + [� (�)Pm(�) + � (�)Pm(�)] � 3

!
Pm:(26)

We want to show that p(�)P
m(�)+p(�)Pm(�)
p(�)+p(�)

< Pm by proving that

Pm(�)Pm(�)

Pm
< [� (�)Pm(�) + � (�)Pm(�)] (27)

Inequality (27) is equivalent to

Pm � �

� (�)
+

�

� (�)
� �2

� (�)� (�)Pm
< Pm � � (�)�

� (�)
+
� (�)�

� (�)
:
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Because� 1
�(�)

+ 1
�(�)

= ��(�)+�(�)
�(�)

+�(�)+�(�)
�(�)

= ��(�)
�(�)

+�(�)
�(�)

and� �2

�(�)�(�)Pm
<

0, inequality (27) is true. From (27), we know that

p(�)Pm(�) + p(�)Pm(�)

p (�) + p(�)
< Pm: (28)

From inequalities (25) and (28), we have

(!2 � !1) < Pm (� 2 � � 1) : (29)

Then we plug � 1 = �� 3 � � 2 into inequality (29),

2� 2 >
(!2 � !1)
Pm

� � 3: (30)

Because we have Pm� 3 < !2�!1
2

(Lemma 4), from inequality (30) we have

2� 2 >
(!2 � !1)
Pm

� � 3 >
(!2 � !1)
Pm

� !3 � !1
2Pm

=
1

Pm

�
!2 � !1 �

!3 � !1
2

�
= 0:

Therefore, � 2 > 0.

In the table below, we summarize whether each individual is taxed or sub-

sidized for the four cases of asset-market participation. The most interesting

case is case 2 where the middle-income guy and the rich one do risk-sharing

but the poor does not. In this case, the middle-income guy would be sub-

sidized when the tax-authority implements monetary income-redistribution

policy.

Mr 1 Mr 2 Mr 3

Case 1 Perfect risk-sharing Taxed 0 Subsidized

Case 2 poor-rich risk-sharing Taxed 0 Subsidized

Case 3 middle-rich risk-sharing Taxed Subsidized Subsidized

Case 4 poor-middle risk-sharing Taxed Taxed Subsidized
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Table 1. Individuals�taxes and subsidies under monetary

income-redistribution

When the poor one and the middle one do risk-sharing, the middle income

guy will be taxed and, consequently, would not support the monetary income-

redistribution policy.

Proposition 6 When voting monetary income-redistribution-policy vs. no-
policy, no-policy can be chosen by the majority if the rich one is restricted

from asset-market participation.

Proof. See Proposition 5 and Table 1.

6. Volatility and Individuals�welfare

Under the monetary income-redistribution policy, CGKS (2015) showed

that increased volatility de�nitely decreases social welfare. However, this

does not mean that volatility decreases all individuals�welfare. There are

three e¤ects of increased volatility on individuals� welfare. First, assum-

ing the optimal tax is �xed and asset prices are also �xed, price volatility

directly decreases each individual�s utility because each consumer�s consump-

tion is mean-preserving increasing in price volatility. Second, the volatility

can change the asset prices, which also a¤ect each individual�s expected util-

ity. Third, volatility can change the tax-authority�s optimal tax plans, which

can increase or decrease individuals�utilities. In the case where volatility

decreases Mr h�s optimal tax (or increases Mr h�s optimal subsidy), his util-

ity may even increase with increased volatility. In the case where volatility

increases Mr h�s optimal tax (or decreases Mr h�s optimal subsidy), his utility

would de�nitely decrease.

The interesting case is that the decreased-taxation (or increased-subsidy)

e¤ect dominates the other two e¤ects and, consequently, the individuals�

welfare increases in increased volatility. Among the four cases of asset-market

participation, in this section, we focus on the most interesting case where the
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middle-income guy and the rich one do risk-sharing but the poor is restricted

from asset-market participation.

Proposition 7 With increased volatility, some individuals�welfare can in-
crease even though social welfare always decreases.

Proof. See the example below.

For the proof for Proposition 7, we present an example where analytical

solution is attainable. For better mathematical approach with a closed form

of solution, we assume that Mr 1 is extremely poor, !1 = 0. In addition, we

assume that the probability of sunspots is equal to that of non-sunspots, i.e.,

� (�) = � (�) = 0:5: We also assume that Pm = 1. Then, the tax authority

has the following maximization problem:

W = max
�1
E log

�
� ePm� 1�+ 2E log (!2 + !3) + ePm� 1

2

!
(31)

= max
s1
log (s1) + E log

� ePm�� 2 log 2
+ log

�
(!2 + !3)�

�
Pm � �

2

�
s1

�
+ log

�
(!2 + !3)�

�
Pm +

�

2

�
s1

�
where s1 = �� 1.
From the �rst-order condition of the maximization problem (31), we have

s1 =
(!2 + !3)

3

 
8� 2

p
4 + 3�2

4� �2

!
: (32)

Plugging equation (32) into V2(= V3), we obtain

V2 = V3 (33)

= � log 2 + log !2 + !3
3

+

1

2
log

 
3�

�
1� �

2

� 8� 2p4 + 3�2
4� �2

!!

�
 
3�

�
1 +

�

2

� 8� 2p4 + 3�2
4� �2

!!
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Figure 2: Individuals�welfare and volatility where (!1; !2; !3) = (0; 50; 100)

From (33), we can prove that their utilities strictly increase with �, which

implies that the direct negative e¤ect of increased volatility is overwhelmed

by the positive e¤ect of decreased taxes or increased subsidies.

The poor�s expected utility (V1) is

V1 =
1

2
log

�
1� �

2

4

�
+ log

 
8� 2

p
4 + 3�2

4� �2

!
+
(!2 + !3)

3
:

V1 is strictly decreasing in �. As in CGKS (2015), social welfare is always

strictly decreasing in �. With increased volatility, two individuals�welfare

among three voters increases. This implies that for a higher level of price

volatility, the possibility for monetary income-redistribution policy to be se-

lected is ironically higher.

Individuals�expected utilities where (!1; !2; !3) = (0; 50; 100) are plot in

Figure 2. Where there is no price-level volatility i.e., � = 0 , the tax-authority

levels all individuals�welfare. As volatility � increases, the poor one becomes

worse o¤, while the middle-income guy and the rich one become better o¤.
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7. Commodity Taxation

In this section, we introduce commodity taxation for income redistribu-

tion. The e¤ect of commodity taxation is not a¤ected by price-level volatility.

We assume that the cost of commodity taxation is an iceberg cost and show

that as the ice-berg cost increases, the poor one becomes worse o¤ but the

rich one becomes better o¤. The middle-income guy is not taxed nor subsi-

dized.

We assume that when the tax authority makes a net transfer of x units

of chocolate from one consumer to another, �x units of chocolate are lost to

�melting�. The melting rate is 0 < � < 1. If Mr h is taxed, i.e., � ch > 0, he

owes the tax authority � ch in chocolate. If Mr h is subsidized, i.e., �
c
h < 0;

he will receive (1� �) � ch units of chocolate from the tax authority. Mr h�s

consumption is then

!h �max(0; � ch)�min(0; (1� �) � ch) (34)

With the 3 consumers, the tax-authority solves the following maximization

problem:

W = max
�c1;�

c
2;�

c
3

P
h=1;2;3

log [!h �max(0; � ch)�min(0; (1� �) � ch)] (35)

subject to � c1 + �
c
2 + �

c
3 = 0

For the higher level of the iceberg cost, the tax authority decreases the

amount of taxes and, also, subsidies and, consequently, the subsidized poor

one becomes worse o¤ while the taxed rich one becomes better o¤.

Proposition 8 As � increases, Mr 1�s utility decreases; Mr 2�utility is con-
stant; Mr 3�utility increases.

Proof. CGKS (2015) show that (a) if � < (!3 � !1) =!3, Mr 1 is taxed and
Mr 3 is subsidized, and (b) if !2 = (!1 + !2 + !3) =3, Mr 2 is not taxed nor
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subsidized. Therefore, the social welfare maximization problem is

max
�c3
log (!1 + (1� �)� c3) + log (!2) + log (!3 � � c3) (36)

We need to show that as � increases, � c3 decreases and also (1��)� c3 decreases.
The �rst order condition from (36) is

(1� �)
!1 + (1� �)� c3

+
�1

!3 � � c3
= 0;

which is equivalent to

� c3 = �
1

2

!1
1� � +

!3
2
: (37)

From equation (37), we know that the optimal � c3 strictly decreases in �.

This means that the rich becomes better o¤ as the iceberg cost is increasing.

The poor becomes worse o¤ with increase the iceberg cost because (1� �)� c3
is decreasing in �.

The utility for Mr 1 is

V1 = log

�
!1 + (1� �)

�
�1
2

!1
1� � +

!3
2

��
= log

�
1

2
(1� �)!3 +

!1
2

�
:

Because the middle-income guy is not taxed nor subsidized, the consump-

tion is the same as the endowment. Therefore, Mr 2�s utility is

V2 = log!2.

The utility for Mr 3 is

V3 = log

�
!3 +

1

2

!1
1� � �

!3
2

�
= log

�
1

2

!1
1� � +

!3
2

�
:
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8. Voting on commodity vs. monetary taxa-

tion

We have investigated the individual�welfare impact of monetary taxation

and commodity taxation, separately. We now analyze the political economy

of taxes that is voting on taxes. We assume that each individual can vote

for either monetary taxation or commodity taxation. We adopt the sim-

plest voting mechanism of majority voting with three types. We show that

the tax regime chosen by majority of voters can be di¤erent from what the

tax-authority wants. In both monetary and commodity taxation regimes,

increased cost (that can be either volatility or iceberg cost) strictly decreases

the social welfare (see CGKS 2015). Because individuals�welfare changes

di¤erently from the social welfare, it is possible that majority of individuals

can choose socially undesirable taxation system.

This section shows that if the asset markets are complete and perfect, the

socially undesirable taxation system would never be chosen by the majority.

However, if some of the consumers are restricted from asset market partici-

pation, majority can choose a socially ine¢ cient taxation system, which will

be shown by a speci�c example in this section.

We de�ne �e¢ cient voting regime� as the case where the tax system

supported by the majority results in higher social welfare than the other

taxation system. In the same way, we de�ne � ine¢ cient voting regime�as

the case where the tax system chosen by the majority results in lower social

welfare than socially desired tax system. In the case where one individual

prefers monetary taxation, one prefers commodity taxation, and the third

one is indi¤erent between two tax systems, we assume that the tax-authority

chooses the tax system resulting in higher social welfare; �weak e¢ cient

voting regime�is achieved.

Under perfect risk-sharing, we know that the tax-authority can level all

individual utilities regardless of the level of volatility. Thus, the maximum

social welfare is achieved (See CGKS (2015).) Therefore, with a positive

iceberg cost, the social welfare under monetary taxation is strictly higher than
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that under commodity taxation. The following proposition also shows that

weak e¢ cient voting regime is achieved in the perfect risk-sharing market.

Proposition 9 Under perfect risk sharing, the majority chooses monetary
taxation and weak e¢ cient voting regime is achieved.

Proof. Under monetary taxation, the tax-authority levels all individual�s
utilities. Therefore, we have

V M1 = V M2 = V M3 = log!2:

Under the commodity taxation, the individual�s utilities from Proposition 8

are

V C1 = log

�
1

2
(1� �)!3 +

!1
2

�
; V C2 = !2; V

C
3 = log

�
1

2

!1
1� � +

!3
2

�
:

If � > 0 ; we have

1

2
(1� �)!3 +

!1
2
<
!3
2
+
!1
2
= !2:

and
1

2

!1
1� � +

!3
2
>
!3
2
+
!1
2
= !2:

Therefore, the poor prefers monetary taxation, the middle-income is indif-

ferent, the rich prefers commodity taxation.

Under the perfect risk-sharing, weak e¢ cient voting regime would be

achieved. However, with restricted asset-market participation, e¢ cient vot-

ing regime would not be guaranteed. Especially, we focus on the case where

the poor one is restricted from asset market participation. In this case,

monetary subsidies to the poor one are less e¢ cient in the tax authority�s

perspective because the poor�s consumption volatility is directly correlated

with the price-level volatility. Decreased subsidy to the poor by the asset

market restriction provides a chance for the middle-income guy to get subsi-

dized. Therefore, the middle-income guy would vote for monetary taxation,
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Figure 3: Money taxation vs. Commodity taxation where (!1; !2; !3) =
(40; 55; 70)

which increases the possibility that the monetary taxation is chosen by the

majority.

Proposition 10 When some of the consumers are restricted from asset-

market participation, the voting regime can be ine¢ cient.

Proof. When the rich one and the middle-income guy do risk-sharing but
the poor one cannot, from Proposition 4, we know that the middle-income

one is subsidized. This necessarily means that the middle-income guy�s util-

ity is higher under the monetary taxation than commodity taxation. In the

case where the poor one is extremely poor, !1 = 0 in the example in Section

7, the poor one�s expected utility under monetary taxation is V M1 is strictly

greater than the utility under commodity taxation V C1 . Therefore, the poor

and the middle-income guy would vote for monetary taxation for any volatil-

ity level and any level of iceberg cost. This means that it is possible that

social welfare under commodity taxation is higher but the majority choose

monetary taxation.

We consider the numerical example where the poor one is restricted from

asset-market participation. In the numerical example, the three consumers�
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Figure 4: E¢ cient and ine¢ cient voting regimes where (!1; !2; !3) =
(40; 55; 70)

endowment income is (!1; !2; !3) = (40; 55; 70). Figure 3(a) shows regions

where the monetary taxation or commodity taxation is socially preferred.

CGKS (2015) show that social welfare under commodity taxation strictly

decreases in the ice-berg cost � and that under money taxation also strictly

decreases in volatility �. Therefore, there exists a constant � for any given

volatility level � such that if � > � (� < �), money taxation (commodity

taxation) is socially preferred. Figure 3(b) shows the regions for the monetary

taxation or commodity taxation chosen by the majority. From 3(a) and (b),

we can derive the regions, �ine¢ cient voting region� and �e¢ cient voting

region�, which are described in Figure 4.
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