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Overlapping Generations, Worked Example 1

2 period lives.
1 commodity per period, ¢ = 1.
Stationary endowments:
wé:2>0fort:0
(whwt™) = (2,2) >0 for t =1,2,...

Stationary preferences:

t+1

uo(x3) = 4log x3 for t =0
ue(xg, X ) =

log x! + 4log x ™ for t = 1,2, ...

mg = 10 m; = 0 otherwise

Goods price of money is p™ > 0.
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Offer Curve

Derive the offer curve (OC) in terms of Mr. t's excess demands. Let
yh=(x —wr)

and

v =0 - wfth

This OC lies in quadrants 2 and 4 and is given by

t+1 _ —2yt

Y 845yt
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Offer Curve
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The Reflected Offer Curve

The reflected OC, which is more familiar in economic dynamics, lies in
quadrants 1 and 3. We will focus on quadrant 1 when we do the
dynamics. Let z' = excess demand by Mr (t — 1) for goods in period
t = excess supply of Mr. t for goods in period t.

z = (Xttfl —wiq) = (WE - Xtt)

:7:Rt:(1+rt)

where pt and pfT! are present prices, R! is the interest factor, and rt is
the interest rate.
The reflected OC is given by

41 2zt
8 — bzt
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Reflected Offer Curve
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Samuelson Case

We redraw the reflected OC below solely in quadrant 1 as our phase

diagram. We are in the Samuelson case, since
due(wwi™)

Ox!
due(wfwi™)

8Xtt+1

=1+r<l ie r<o
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Steady States

There are 2 stationary states.

(a) The non-monetary (non-PO) steady state with zf = zft1 =0
(autarky) labeled NM.

(b) The monetary (PO) steady state with

t _ t+1 _ 105m — 6 5m_6 ., 1 _ 3
z! =2z =10p™ = g and p™ = g X 75 = 55, labeled M.

The non-monetary steady state is locally stable. The monetary steady
state is unstable. If 0 < p™ < p™, the economy is inflationary. The
current goods price of money tends asymptotically to zero. The money
bubble fades away, but it does not burst.
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Deflationary Trajectory

If p > p™, the economy is deflationary. The current goods price of
money grows so that in finite time demand for goods exceeds supply, so
the deflationary bubble must burst (in finite time) since

xt+ xFT > wt + wi, ile. the demand for goods excess supply, see the
phase diagram. Outside the 4 x 4 box competitive equilibrium cannot be
obtained. The hyper-deflationary path does not satisfy long-run perfect
foresight. The bubble must burst in finite time.
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Overlapping Generations, Worked Example 2

2 period lives.
1 commodity per period, ¢ = 1.
Stationary endowments:

wg =10 for t =0
(wf,wit) = (10,10) for t = 1,2, ...

Stationary preferences:

uo(xg) = 10logx¢ for t =0

ue(xt, xE) = 2log x! + 10log xI 1 for t = 1,2, ...

mi=1 m3; = 0 otherwise

Present goods price of money is p™ > 0.
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The indifference curve (IC) running through the endowment is
{(xF, xt™) : 2log xf + 10log x; ™! = 210og 10 + 10log 10 = 12log 10}
Exponentiating both sides to derive an analytical expression for graphing,

(X:')2(X:'+1)10 — 1012

1012
e(xT0 = ot
109/5
t+1 _
T
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Graphically:
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The slope of the IC at the endowment in (x%, x!*1) space is

t+1 t t+1 t t+1
dx; T Oue(x(, x )/8ut(xt,xt )
dxt Oxt axtH'l
2/ 10
xt/ xitt

Evaluated at the endowment,

A
dx! l(10,000 10/ 10
— _1/5
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Samuelson Case

The corresponding interest rate indicates we are in the Samuelson case:

OQue(wi 7W§+1)
oxt

Aue(whwi™) =l
Bxf“
< 1/5=1+r

S r=-4/5<0
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(Modified) Excess Demand

We next derive the reflected offer curve (ROC) in terms of Mr. t's excess
demand. Define

and
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Optimality Condition

Taking first order conditions and dividing through yields the following
optimality condition:

pt 1 Xerl

T F ot
pt+1 5 x{

Plugging into Mr. t's the budget constraint, we derive the following ROC:

S+l _ (2)(10)z*
(10)(10) — (10 4 2)zt
o 20y°
~ 100 — 12zt

Equating zt*1 = z¢ yields 100 — 12z = 20 < z' = 20/3.
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Reflected Offer Curve
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Dynamics for p™ < p™

10 4

Zt+1 «>ROC
8 | > RC
6 N
4 N
2 N
N
pm=20/3 5t
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Global Dynamics
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There are two stationary states:

(a) The non-monetary (non-PO) steady state with zt = zf*1 =0 (i.e.,
autarky), labeled NM.

(b) ;\I'/lhe monetary (PO) steady state with z* = z'™1 = p™ = 2, |abeled

The non-monetary steady state is locally stable. The monetary steady
state is unstable. If 0 < p™ < p™, the economy is inflationary. The
current goods price of money tends asymptotically to zero. The money
bubble fades away, but it does not burst.

ECON 4905 (Cornell University) Overlapping Generations September 28, 2016 22 /31



If p > p™, the economy is deflationary. The current goods price of
money grows so that in finite time demand for goods exceeds supply, so
the deflationary bubble must burst (in finite time) since

xt_1 +xt > w1+ wk, i.e. the demand for goods excess supply, see the
phase diagram. The hyper-deflationary path does not satisfy long-run
perfect foresight. The bubble must burst in finite time.
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Overlapping Generations, Worked Example 3

2 period lives.

1 commodity per period, ¢ = 1.
Stationary endowments:

wg=3fort=0

(whwt™)=(3,3) >0for t =1,2,...

Stationary preferences:

uo(x3) = log xg for t =0

u(xf, xfT) = 10log xf + log x/ ™ for t = 1,2, ...

Taxation:

Two monies, R and B

m(l)?’l = 51 mOB’l = —2 mf’s = mtB,S = 0 OtherWiSe

Present goods prices of money are p™t >0, p&t > 0.
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The indifference curve (IC) running through the endowment is
characterized by

{(xF,xt™) : 10log x! + log x{ ™ = 10log 3 + log3 = 11 log 3}
Exponentiating both sides to derive an analytical expression for graphing,

(<)1) = 31
311
I

S =
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Graphically:
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The slope of the IC at the endowment in (xf, xt*1) space is calculated as
follows:

t+1 t+1 t+1
dxi _ _(9ut(xtt,xt+ )/8Ut(Xttth+ )
dxt Oxt 8xtt+1
10/ 1
T ot/ Jt+l
xt ! xtt

Evaluated at the endowment,

b W1
dxt 13 3/3
=-10
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The corresponding interest rate indicates we are in the Ricardo case:

Oug(wi 7W§+1)

oxt .
Que(whwi™) L+r
Bxf“
S 10=1+r
Sr=9>0
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ROC

We next derive the reflected offer curve (ROC) in terms of Mr. t's excess
demand. Again define

and
St (Xtt+1 _ w5+1).

Taking first order conditions and dividing through yields the following
optimality condition:

pt _ 10 Xtt+1
pttl = 1 xt
Plugging into Mr. t's the budget constraint, we derive the following ROC:

1 (10)3)7f
(1)(3) — (1 + 10)zt
B 30zt
311zt

ECON 4905 (Cornell University) Overlapping Generations September 28, 2016 29 /31



ROC in the Ricardo Case

Graphically:
Zt+ <« ROC
21 |5 RC
NM t
—4 2 2
2 1
4|

ECON 4905 (Cornell University) Overlapping Generations September 28, 2016 30 /31



Non-Monetary Steady State

There is only one stationary equilibrium for this Ricardo economy:

(a) The non-monetary (PO) steady state with zt = zf*1 =0 (i.e.,
autarky), labeled NM. From the budget constraint of the initial old
generation, we have

R,1 B,1
25 = my PR+ my PP

0=5PF —2p"
5
PB_7PR
2

The non-monetary steady state is locally stable.

Similarly, there is no non-stationary equilibrium.
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