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We analyze the canonical market game. There are / commodities, a single inside money, 7
markets in which commodities are exchanged for inside money, and n consumers. Each
consumer’s strategy is the nonnegative vector of his commodity offers and his money bids. Given
endowments and sufficiently large offers, the set of interior Nash equilibrium strategies is finite
and non-empty. Hence the set of interior Nash equilibria in strategy space is parametrized by
the /n-dimensional vector of offers. In allocation space the manifold of Nash equilibrium
allocations has generic dimension /n—¢, which is also the dimension of the set of feasible
allocations.

1. Introduction and summary

For models of perfect competition, there are extensive and systematic
studies of the existence of equilibrium and of the structure of the equilibrium
set. See the references in Debreu (1959), Arrow and Hahn (1971), Mas-Colell
(1985), and Balasko (1987). For models of imperfect competition, analyses of
the existence and the structure of equilibrium are less extensive and less

*We gratefully acknowledge research support from the National Science Foundation under
Grants SES-8606944 and SES-9012780 and from the Center for Analytic Economics at Cornell
University. We thank Raghu Sundaram, Aditya Goenka, and Rod Garratt for research
assistance. We thank Yves Balasko, Pradeep Dubey, John Geanakoplos, Andreu Mas-Colell,
Jean-Francgois Mertens, Siddhartha Sahi, and Martin Shubik for useful comments on earlier
versions. We are indebted to a referee of the Journal of Mathematical Economics for helpful
suggestions.



272 J. Peck et al., Market-game equilibrium

systematic. Our purpose in this paper is to analyze Nash equilibrium in a
strategic market game of the type originally proposed by Shapley and
Shubik (1977). The strategic market game is probably the most fully
developed general-equilibrium model of imperfect competition. It has been
successfully applied to the analysis of the noncooperative foundations of
competitive analysis [Mas-Colell (1982)], rational expectations in dynamic
economies [Dubey, Geanakoplos, and Shubik (1987)], extrinsic uncertainty
in imperfectly competitive economies [Peck and Shell (1985, 1991)], short
selling as a basis of ‘competitive’ behavior [Peck and Shell (1990)], and other
monetary and nonmonetary phenomena.

In section 2, we define the market game I'. It is a very simple pure-
exchange economy in which the mathematical inessentials and asymmetries
are absent; see Postlewaite and Schmeidler (1978, 1981) and Peck and Shell
(1985). There is a trading post for each commodity, on which consumers
place offers of the commodity and bids of inside money. Consumers are
constrained not to bid more money than they receive from their sales of
commodities. A single money is used at all the posts, so each individual faces
a single budget constraint. We show that the interior first-order conditions of
the consumer’s maximization problem are necessary and sufficient for an
interior optimum.

In order to better understand the market game I, we define the offer-
constrained game I'(g). In the latter game, consumers are constrained to send
a fixed vector of commodity offers, 4, to the market. We show that any Nash
equilibrium to I'(g) in which bids are strictly positive is also a Nash
equilibrium to the unconstrained market game I. We also show that when
(constrained) offers are close enough to endowments, the equilibria of I'(g)
will have positive bids and will therefore also be equilibria of the market
game I'. Hence our proof in section 4 of the existence of an interior
equilibrium to I'(§) for every g near the endowment vector is also an
existence proof for I. Moreover, the ability to arbitrarily fix offers and still
find an equilibrium is the first step for our indeterminacy results: we have
shown that the Nash equilibrium strategies to the market game I' are
parametrized by the vector of offers. In section 3, we establish that the set of
bids, offers, and endowments defining an interior Nash equilibrium to I' is a
manifold of dimension 2¢n, where ¢ is the number of commodities and n is
the number of consumers. For a given economy with fixed endowments, the
set of equilibrium bids and offers is generically of dimension #n, reflecting the
¢n degrees of freedom available to fix offers and still find an equilibrium.

The intuition behind this indeterminacy is simple. Given the bids and
offers of others, the consumer chooses an /-dimensional vector of bids and
an /-dimensional vector of offers to maximize utility subject to his budget
constraint. The resulting interior first-order conditions define for each
consumer 2¢+1 equations in 2/+1 unknowns (¢ offers, £ bids, and the
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Lagrange multiplier associated with the budget constraint), but £ of the
equations are redundant because a small change in a bid has the same effect
(but with reversed sign) as a small change in the corresponding offer. (That
is, there are no ‘transactions costs’ in the market game I' and hence the
money price of any commodity is equal to the inverse of that commodity’s
price of money.) The budget constraint makes one unknown and one
equation superfluous. Hence we have ¢ independent equations in 2/
unknowns. Therefore the dimension of indeterminacy in strategy space is at
least £ per consumer, or at least £n overall. We establish in section 3 that for
generic endowments there is an ¢#n-dimensional set of Nash equilibria; this
result also follows from the paper by Dubey and Rogawski (1990).

A Nash equilibrium is said to be interior if all offers and bids are positive,
in which case all markets are open because gross trades are being made on
each market. Hence, if the Nash equilibrium is interior, the first-order
conditions of individual utility maximization hold with equality. Our proof
of the existence of interior equilibrium is in section 4. It is based on the one
given in Peck and Shell (1985, section 2). See also Pazner and Schmeidler
(undated). In the present version, the presentation is somewhat simplified by
using degree theory instead of Brouwer fixed-point theory. We show that the
natural projection, which projects the manifold of interior equilibria to the
range of endowments and large offers, is proper. In establishing properness,
we show that the equilibrium bids are strictly positive and bounded away
from zero. At a Pareto optimal endowment, the vector of equilibrium bids is
unique (up to a normalization), given the offers. Since these bids, endow-
ments, and offers are regular, then at all regular offer-endowment pairs, the
number of equilibria is odd. It follows that the equilibrium mapping is onto,
so for any endowment vector we can find an interior equilibrium consistent
with any vector of large offers.

In section 5, we analyze the set of Nash equilibrium allocations for the
market game I'. We show that the set of equilibrium allocations has generic
dimension ¢n-¢ in allocation space, R’",. This is the ‘maximal’ dimension,
since it is the same as the dimension of the set of all feasible allocations. It is
not surprising that the result in allocation space is merely generic. We know,
for example, that if endowments are Pareto optimal, then the Nash
equilibrium allocation is unique.

Our results in section 5 are consistent with other papers on the structure
of the set of Nash equilibria in market games. Shapley (1976) analyzes a
similar game but with only 2 commodities and 2 consumers. His geometric
argument shows that if endowments are not Pareto optimal, then there is a
2-dimensional set of equilibrium allocations. Yao (1987a,b) extends Shapley’s
result to the case with £ commodities and 2 consumers. He shows that the
generic dimension of the set of equilibrium allocations is #. In her Cornell
dissertation, Ramani (1989) considers £ commodities and n consumers in the
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Peck-Shell (1985) game, but she restricts offers to be proportional to
endowments. She finds that generically there is a continuum of Nash
equilibrium allocations indexed by the coefficient of proportionality.

What should we conclude from the indeterminacy of pure-strategy Nash
equilibrium in market games? We believe that this indeterminacy represents
a realistic result for general-equilibrium models of imperfect competition. It
captures the idea that outcomes can be affected by the ‘optimism’ or
‘pessimism’ of the economic actors. If everyone believes markets will be thick,
then all traders believe they can supply large quantities without adversely
affecting the price very much. When everyone acts according to these beliefs,
markets are thick and traders’ optimistic beliefs are self-justifying. However,
there is a muiti-dimensional set of self-justifying beliefs in which some or all
markets are less than perfectly thick. There could be a role for the
government or other institution to coordinate plans, or to manage ‘effective
demand’. On the other hand, the indeterminacy may not always be as large
as the dimension argument suggests. The generic dimension of indeterminacy
is indeed large, but the ‘radius of indeterminacy’ for large economies is small,
since the set of interior pure-strategy NE allocations does shrink to the
(finite) set of competitive equilibrium allocations as the economy is repli-
cated. The indeterminacy is related to (but not equivalent to) the existence of
sunspot equilibria in imperfectly competitive economies; see Peck and Shell
(1985, 1991). The indeterminacy also provides a basis for a theory of market
liquidity in small economies, driven in part by the possibility of wash sales
and short sales; see Peck and Shell (1989, 1990).

2. The market game I

We consider an exchange economy with £+1 goods: £ commodities (or
consumption goods) and money. There is no active government fiscal policy,
so all money is ‘inside money’, representing the private debt of the
consumers. There are n consumers (or traders). Consumer h is endowed with
a positive amount of commodity i, i, for i=1,...,7. We denote by w, the
endowment vector (@i,...,k,...,®%), so we have w,eRY , for h=1,...,n.

There are ¢ trading posts. For each commodity, there is a single trading
post on which the commodity is exchanged for money. Consumer h supplies
a nonnegative quantity of commodity i, g}, at trading post i. He also supplies
a nonnegative quantity of money, b}, at trading post i. We say that ¢! is his
offer (of commodity i) and that b} is his (money) bid (for commodity i). Let
4=ah---sqhs----q%) and b,=(bi,...,bi,...,b5) denote (respectively) his
offers and his bids. Offers must be made in terms of the physical com-
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modities. Hence, offers cannot exceed endowments, ie., we have g, <wj for
i=1,...,2.! The strategy set S, of consumer h is then given by

Sp={(bs. q) € R2+l|¢1h§wh}-

The trading process is simple. The total amount of commodity i which is
offered, Q'=Y7_, gi, is allocated to nonbankrupt consumers in proportion to
their shares of the bids for commodity i. Consumer h’s share of the bids at
post i is (bi/B’), where B' is defined by B'=)%_, bi. Thus the gross receipts
of commodity i for consumer h are (b,Q%/B’) for i=1,...,¢ and h=1,...,n. If
all bids at post i are zero, the ratio (b}/B’) is equal to 0/0 and would appear
to be indeterminate. It is assumed, however, that if there are no bids on post
i, all offers on this post are ‘lost’, i.e., no commodity is delivered. Thus we
take the fraction (bi/B’) to be zero if there are no positive bids at post i. At
trading post i, the money from bids, B’, is allocated to consumers in
proportion to their offers of commodity i. Consumer k’s share of the offers at
post i is (g,/Q). Thus the gross money receipts on post i for consumer h are
(qiB/Q) for i=1,...,¢ and h=1,...,n. If all offers of commodity i are zero,
the ratio (q./Q') is equal to 0/0. It is assumed that if there are no offers on
post i, all money bids on the post are ‘lost’. Thus we take the fraction (q4/Q")
to be zero if there are no positive offers on post i.

Let Qe R’ be the vector of aggregate offers and BeR’, be the vector of
aggregate bids; hence we have Q=(Q',...,Q0....,0°) and B=
(B',...,B,...,B%), where Q'=Y7_,qi and B'=Y45_,b; for i=1,...,7. Let
QicR, be the sum of the offers of commodity i by every consumer save h,
and BieR, be the sum of the bids for commodity i by every consumer save
h; hence we have Q}=Y, .4} and Bi=Y,.,bi for i=1,...,¢. Define Q,eR’,
and B"eR’, by 0,=(0},...,0.,...,0Q%) and B,=(B},...,Bi,...,B}).

Consumers do not face liquidity constraints, i.e., constraints which restrict
their debt issuance on any given market or proper subset of markets. Each
consumer does face a single overall budget constraint, which he must meet or
be punished. He is required to finance his bids (for commodities) by his offers
(of commodities). The budget constraint for consumer h is

i=¢ j=¢
2 (B'ai/2)z 3. b @.1)

i=

!'This assumption does not play a role in the mathematical analysis of the structure of interior
Nash equilibrium. If we drop the restriction g,<w, in the definition of S,, we would have to
strengthen the bankruptcy rule in order to maintain the credibility of the referee; see Peck and
Shell (1990). The allocation rule (2.2) and the first-order equality conditions are unaffected. With
an appropriately strengthened bankruptcy rule, our existence and structure results extend to
cases in which we have g} > w}, for some (or all) h and i.
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for h=1,...,n. The right-hand side of inequality (2.1) is the sum of the
dollars delivered by 4 in the form of bids to the trading posts. The left-hand
side is the sum of the dollars delivered to h from the trading posts in
payment for his commodity offers. The consumer is bankrupt if he issues
more money than he collects.

Let xi denote the consumption of commodity i by consumer h, and let
Xp=(Xpy...»Xk,...,Xx5) be his consumption vector. Assume that consumer k
chooses the strategy (b,,q,)eR% for k=1,...,n; then the consumption of
consumer h is given by

xi=wh—qi+(bi/B)Q' if (2.1) is satisfied,
2.2)
xi=0 if (2.1) is not satisfied

fori=1,...,7/ and h=1,...,n. Failure to meet budget constraint (2.1) leads to
confiscation of all of the consumer’s goods.?

The consumption set of consumer h is the nonnegative orthant
{xn | x,€R%}. His utility function, u,, is strictly increasing, smooth, and
strictly concave on the strictly positive orthant R?, .. Also, the closure in R’
of each indifference surface from R’ , is contained in R’ .3 The boundary
of the consumption set, (R%\RY ,), is also the indifference surface of least
utility.

We have specified the strategy sets S,, the outcomes x, [through eq. (2.2)],
and the payoffs u,(x,) for the market game I We adopt the standard
concept of Nash equilibrium (NE).

Clearly the trivial strategy in which all offers and bids are zero is a NE for
I'. Since in this case we have Q'=0 for i=1,...,Z, gross trading on each
market is zero. This is the case in which all markets are (endogenously)
closed. The focus of the present paper is on the case of interior Nash
equilibria, NE in which all offers and bids are positive. In this case, we have
Q'>0 for i=1,...,Z. This is a case in which all markets are (endogenously)
open, since there are positive gross trades on each market.

Since Q' is measured in units of commodity i, it serves as a measure of the
‘thickness’ of market i. When Q' is zero, we say that market i is closed;
otherwise, we say that market i is open. When Q' is small relative to Y, of,
we are tempted to say that market i is thin. For large values of Q' (on the
order of ), w}) we are tempted to say that market i is thick.

What beliefs about market ‘thickness’ are self-justifying? We have already
seen that if all consumers believe that all markets are closed, their beliefs are
justified. We shall establish that uniform beliefs in sufficiently thick markets

The referee for this game is credible: For all feasible strategies; the allocation defined by eq.
(2.2) is feasible.

3This assumption rules out boundary equilibria.
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are also self-justifying. In order to analyze market thickness, we must
consider the offer-constrained market game I'(7). We then go on to relate the
NE of I'(7) to the NE of I'.

Definition 2.3. Fix q,=q,€R’ ,, where we have 0<g,<w} for i=1,...,7.
Let S,(dy)={(bn, q,,)lb,,elR’+ and q,=4,} be the offer-constrained strategy set
for consumer h. Let S(q)=8,(d:) X - X Sy(qs) X ** xS,(q,), where g=
(@1s---»Ghs---»4,) ER™ .. The offer-constrained (market) game I'(G) is con-
structed from the market game I' by replacing the strategy set S < R3" with
the offer-constrained strategy set S(q) < R%.

Four propositions on interior Nash equilibria follow. Propositions (2.4)
and (2.9) give important properties of the interior NE of I'. Propositions
(2.11) and (2.12) provide a connection between the interior NE of I'(g) and
the interior NE of T

Proposition 2.4. Consider the individual utility-maximization problem (which
arises in the analysis of the market game I'):

maximize u,(xy),
subject to (2.1), (2.2), and (b,,q,)€S,.

Given the strictly positive bids and offers of consumers other than h, a strategy
(by, qp) is optimal for h if and only if the budget constraint (2.1) holds with
equality and we have

[Oun(x4)/0x1)/dup(x4)/0x}1=(Q4/By) (B/Q))*(B}/Q4) (Q’/B) (2.5)
Jori=1,....f and j=1,...,¢.

Proof. By a straightforward manipulation of the budget constraint (2.1)
along with the allocation rule (2.2), consumer h’s problem becomes

maximize u,(x,),
(2.6)
'
subject to 3’ (Bi(wj,—xi)/(wh—x}+Q})) 20.

i=1

Utility u, is a strictly concave, smooth function of x,, and the budget set (in
allocation space) defined by the above constraint is a convex set, so we know
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that there is a unique optimum, defined by the following necessary and
sufficient conditions:

(Oup(x,)/0x3)/(Ou(x4)/0x7)
= BiQi(w}—x}+ 0)*/BiQi(wi,— xi + Qi) 27

for i,j=1,2,...,/ with the constraint in (2.5) holding with equality. (The
optimal consumption satisfies x,e R’ , because we have w,e R , and the
closure of each indifference surface lies in R% ,.) Thus, a strategy (b,,q,) is
optimal if and only if it gives rise to consumption satisfying (2.7).

The allocation rule (2.2) can be rewritten as

Qi+ wh—x,=(Q"/B")B, (2.8)

for i=1,...,/. Whenever the left-hand side of eq. (2.8) appears in (2.7),
replace it with the right-hand side of (2.8). Eq. (2.7) then reduces to eq. (2.5).

Therefore, (b,,q,) gives rise to consumption satisfying (2.7) if and only if
eq. (2.5) is satisfied. O

Proposition 2.9. (i) If the interior NE allocation x for the market game I is
autarky, then the endowments w are Pareto optimal for I'.

(i) If the endowments w are Pareto optimal for the market game I', then there
is a unique interior Nash equilibrium allocation which is autarky.

(iii) If the endowments w are not Pareto optimal for the market game I', then
we have u,(x,) = u,(w,) with at least one strict inequality for h=1,...,n, where
X=(X1y+..Xps-.->Xp) is an interior NE allocation and o =(w,,...,wy,...,®,) is
the vector of endowments.

The proof presented here is based on that of Proposition (2.20) in Peck
and Shell (1985). Proposition (2.9) was established for a variant of the
present model by Dubey and Rogawski (1990). In fact, our result follows
from theirs after transforming our market game I into a corresponding
‘generalized game’.

Proof. (i) Let x=(xy,...,Xp..-,X,) be an interior Nash equilibrium allo-
cation which is autarkic, ie, x=(x;,...,Xp-.-.,X,) 15 equal to w=
(0y,...,W4,...,»,). By Proposition (2.4), the interior first-order condition
(2.7) for i,j=1,...,¢ along with equality in budget constraint (2.6) is
necessary and sufficient for consumer h’s utility to be maximized given the
strategies of the other consumers. Since x,=w,, we must have either
i/qi=BQ" or b,=¢q,=0 for i=1,...,¢, because of eq. (2.2). Hence first-
order condition (2.7) yields
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dun(e)/0x;, _ B'Q’

== 2.10
Gu@y)/ox, BIQ @10

for i,j=1,...,¢. Since the right-hand side of eq. (2.10) is independent of h, all
consumers have the same marginal rates of substitution, establishing that the
allocation is Pareto optimal.

(i) A Nash equilibrium to I' is clearly individually rational; ie., if x=
(X45-- s Xps--.5X,) is @ Nash equilibrium allocation, we have u,(x,)=u,(w,) for
h=1,...,n. It follows that, if & is Pareto optimal, we have u,(x;)=u,(w,) for
h=1,...,n. Since u, is strictly increasing and concave on R/, _, if @ is Pareto
optimal then the Nash equilibrium allocation must be autarkic, i.e., we must
have x=w. Any strategy with positive offers and bids which satisfies
bi/qi=B/Q' for h=1,...,n and i=1,...,/ is an interior NE when o is Pareto
optimal.

(iii) Assume next that the endowment vector, w=(wy,...,®W,...,®,), is not
Pareto optimal for I'. Let x=(x;,...,%,...,X,) be an interior Nash equi-
librium allocation for I We have established in part (i) of this proof that
x, #w, for at least one h and we know that u,(x,) = u,(w,) for all h. Since u,
is strictly increasing and strictly concave, and consumer h’s budget set is a
convex set, we know that the strict inequality u,(x,)> u,(w,) holds for at least
one h. ]

Proposition 2.11. Let o={(by,q,)}1=% be a NE strategy for the offer-
constrained market game I'(q). If bids are strictly positive, i.e., if we have
by,eR% . for h=1,...,n, then o is also a NE strategy for the market game TI.

Proof. Consumer ks utility function, u,(...,w.—g.+b,Q"/B’,...), is concave
in b,, holding b_,=(by,...,bs_1,b4s1,...,b,) RV and e RS, constant.
The budget constraint (2.1) is linear in own bids, so necessary and sufficient
conditions for an interior optimum are that eq. (2.5) holds and budget
constraint (2.1) holds with equality. Since ¢ is a NE for I'(§) and all bids are
positive, all consumers are at an interior optimum. By Proposition (2.4), the
strategy (b,,d,) is optimal for consumer h among unconstrained strategies in
S,. Therefore ¢ is a NE for the market game I'. |

Proposition 2.12. Let o={(b,,q,)}t=% be a NE to the offer-constrained
market game I'(G). There is a positive scalar { such that, if qi=g.>wi—{
holds for h=1,...,nand i=1,...,¢, then o is also a NE to the market game I

Proof. Consider consumer h. Offers are fixed at §=(G;,-..,qy,.-.,qd,) €R?,.
He takes the bids of others b_,=(b,,...,bs_1, b4 1,-..,b,) eRETD as fixed.
He can guarantee his endowment by the bidding strategy given by
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by=qBi/Q} (213)

for i=1,...,¢ [cf. eq. (2.2)]. Hence we have u,(x,(c)) 2 u,(w,). Thus we have
that if x=(x,,...,Xs,...,X,) is a NE allocation, then we know that x,ell,c
R’ ., where

m,= {xh eR, . Iuh(xh) 2 uy(w,) and x, < Z wk}' (219
k=1

The set IT, (the ‘pie wedge’) is convex, compact, and, by our assumption on
the closure of indifference surfaces, bounded away from the axes. Hence there
is a positive scalar {, with the property that for each x,=
(xk,...,xk,...,x)ell,, we have xi>{, for i=1,...,7. Therefore for each NE
allocation x=(x,,...,Xs,...,X,), there is a positive scalar { such that xi>{
fori=1,...,£ and h=1,...,n.

Assume that g,>wi—{, where { is the positive scalar just constructed.
Consumer h must make a positive bid on market i, b,>0, or else the
consumption vector x, would not belong to the set II,. Hence if o=
{(bn,q4)}k=% is a NE for I'(g), all bids must be positive, i.e., we have b,e R’ ,
for h=1,...,n. Therefore, by Proposition (2.11), ¢ is also a NE for the
(unconstrained) market game I g

Obviously not all beliefs about market thickness are self-justifying. If a
relatively small offer, g}, is imposed on consumer h, he might have desired to
sell more of commodity i given the bids and offers of others, ic., the
constraint gi<g! would be binding. The constraint b,=>0 could then also
become binding: he might want to bid a negative amount to make up for his
meager offer, g.. On the other hand (as the previous proposition establishes),
if all offers are sufficiently large, then they are self-justifying. Closed markets
are self-justifying, thick markets are self-justifying, but some thin markets are
not self-justifying.*

In section 3, we will study the structure of the set of interior Nash
equilibria to I'(g) and hence to I.

*To see that some thin markets are not self-justifying, consider a replication of the market
game I'; see Mas-Colell (1982) and Peck and Shell (1985, section 4). As the number of
replications becomes large, the set of interior Nash equilibrium allocations approaches the set of
competitive equilibrium allocations. Assume that endowments are not Pareto optimal. Fix the
vector of offers § at some strictly positive level but too small to support competitive trade.
Namely, choose the positive scalar g, so that < w}—(x.)* holds [where (x})* is the competitive
allocation of commodity i to consumer h] for some i and h. This is possible since some
consumer is a net supplier of some commodity in a competitive equilibrium as long as
endowments are not Pareto optimal. Hence for a sufficiently large number of replications, § will
not be a self-justifying vector of offers.
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3. Structure of the set of interior Nash equilibria in strategy space

In this section, we shall show that the set E of interior Nash equilibria in
the space of offers, normalized bids, and endowments is a manifold of
dimension 2/n. The set E is defined by

E={(b,q,w)e 4 x R**"|b is an interior NE of I'(g; )},

where 4 is the set of normalized bids {beR¥|Y,, ;bi=1} and I'(g;w) is the
offer-constrained market game with offers g€ R" and endowments we R™ ..

Proposition 3.1. The equilibrium set E is a manifold of dimension 2¢n.
Proof. We define the mapping &: 4 x R*"—»R~! by
é(b’ 9, w) =b _'(ITE(bs q, CO)) N 15(b, 9, CO),

where be 4, b(b,q,») is the mapping of (non-normalized) best responses to
the bids b given offers ¢ and endowments w, and 1"=[1,...,1] is the
¢n-dimensional sum vector. The symbol T denotes transposition. Zeros of the
mapping ¢ constitute NE for the model, so to show that the equilibrium set
E is a manifold, we need to show that ¢ is transverse to zero. We show this
by showing that the Jacobian matrix of derivatives with respect to w and ¢
has full rank /n—1.

We begin by calculating some derivatives. A routine differentiation of
&(b, g, w) with respect to q and w yields

Dy wié=—("0) "I —("6) " *bi")Dy, ;b
= —(ITB)- 1P5D[q,w]5’
where Pj; is the projection on the hyperplane H,={xeR’|:"x=0} in the

direction b. To establish the transversality result, then, we need to show that
PsDy,, ;b has rank #n— 1. The Jacobian Dy, b takes the form

J, E,;, 0 E, ... 0 E,
0 E;y J, E; ... 0 E,
0 E, 0 E, .. J, E,

where J,,=D,,,h5,, and E,,,‘=Dqk5,,. We will show that this matrix has rank
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¢n—1 and that the kernel of Pj is not contained in the span of the columns
of J. It will then follow that Pz maps J onto H..

To establish the rank result, we need to compute the component matrices
of J. Applying the implicit function theorem to the equality first-order
conditions (2.1) and (2.5) for consumer h (and suppressing consumer
subscripts except where they are necessary) yields the system

4 df] [D*UOB 2B, R W do

w h dg, |= 2

[WT o} [dﬂJ’[ 0 T fT]’ i O 2
k

where the various matrices and vectors involved in expression (3.2) are
defined as follows:

U=(uy,...,U-..,U,),

‘i",s;W

w=0"10, T &
’ serpihen
R=—B,8-'D*UGB,B-2+210,02, agum
-+ B

y=§Q_2Qh’ %Q Cd
il

W=B"1p,D? UQB;.B_ 2420° Z(Qh_ 4y), and
f= Q-zﬁqha

where ° is the diagonal matrix formed from the vector - (ie., * =diag -) and
A is the Langrangean multiplier on the budget constraint (2.1). Let the matrix
K, the vector p, and the scalar ¢ be defined by

A -1 'K
ERRER

Then we have

Db|_ [k u|[D*UQB,B*> R W
DAl |4 e 0 T 1Tl

Note that from the expressions for the derivatives D,uﬁ,, for k#h, these
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derivatives depend on other agents’ offers only through the total offers Q and
Q,. It follows, then, that Dq_.5 =Dqk5,, for all i,k#h. In terms of the
components of the Jacobian matrix J, this implies that E,;=E,, for all i
k#h. Hence we may denote these components simply by E,.

We now perform some calculations on J to determine its rank. First,
subtract the last block of columns of J from all blocks of columns having E
entries. This yields a matrix.

Jl Ell_El 0 0 s 0 El
J'— 0 0 Jz E22—E2 e 0 Ez
0 -E,+E, 0 -—-E_+E, ... J, E,

For each h, the derivatives J,=D,,b, are given by J,= —K,D*u,0B,B2.
Since we are assuming that bids and offers are positive, the diagonal matrices
B, 0, and B, have full rank. Since utility functions are strictly concave, D?u,
is negative definite and the matrix K, is negative semi-definite. Hence J, has
rank /—1 for each h=1,...,n. Note also from the inversion relations (3.3) we
have wi K, =0, and hence we have w}J,=0.

The matrices E,,— E, are given by

Ep—Ey= Dq;.b~h - Dqu = — Ky(R,— W) — (s —fh)T-

Pre-multiplying this expressionA Py Wy, (anfi usingAthc fact that wipu,=1), we
have wi(E,,—E,)=(y,—f3)"=BQ0Q, 2+ BOq; *=B0Q 2. Hence we have

WI(Ehh —Ey)= BQQ 2,

Under our maintained hypothesis of strictly positive bids and offers, this
vector is strictly positive. It follows then that the matrix E,,— E, has at least
one column which is linearly independent of the columns of J,. Hence, the
matrix [J,, E,,—E,] has rank ¢ for all h=1,...,n.

Delete the last block of columns from J'. We claim that the resulting
matrix has rank /n—1. To prove this claim we obtained /(n—1) linearly
independent vectors from the first n—1 blocks of the columns containing the
matrices [Jy, Ey—E,], h=1,...,n—1, and we obtain #—1 additional linearly
independent vectors from the block of columns containing J,. We know that
J' does not have full rank #n by a straightforward, although lengthy
calculation, which shows that the vector w'=[w],...,w!] annihilates J'.
Therefore, J' (and hence J) has a rank of exactly £n—1.

To complete our transversality result, we need to show that the (/n—1)-
dimensional hyperplane spanned by the columns of J is mapped onto H, by
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the projection operator P;. A sufficient condition for this to hold is that the
kernel of the projection be linearly independent of the columns of J, since
this implies that no linear combination of columns of J lies in the kernel and
hence gets annihilated by P; The kernel of Pg is the set of vectors colinear
with b. So, suppose b was in the span of the columns of J. It would then
follow that w'h=0. But we have

wib= 2 wib, and wib,=— f; (6L0i/0).
k=1 i=1

Under our assumptions about bids and offers, the last expression is strictly
negative for all k=1,...,n, and hence we have wTh<0. Hence the columns of
J are linearly independent of the kernel of the projection, and PsDb has rank
¢n—1. We have shown that E is a manifold.

To show that the manifold E is non-empty, take g=w and let w be Pareto
optimal. From Proposition (2.8), we know that there is a unique interior NE
allocation, which in this case is autarky. Since consumers are putting all of
their endowments on the market, they must make positive bids in order to
buy back their endowments. Hence, the assumptions made above are
satisfied, so that ¢ is transverse to zero at any Pareto optimal Nash
equilibrium, and the equilibrium manifold E is non-empty. Finally, notice
that by the pre-image theorem [see, e.g., Guillemin and Pollack (1974,
chapter 1, section 4, p. 21)] when £ is transverse to the origin, E"Y0)=E has
codimension Zn—1 in R3"~!, Hence the dimension of E is 2/n. m|

Using the Transversal Density Theorem [see, e.g., Hirsch (1976, p. 74)], we
also know that for an open and dense set of endowments and offers, D,¢ has
full rank. When equilibrium bids exist, the implicit function theorem can be
applied on a neighborhood of any regular (¢,w) pair to determine the
equilibrium bids as functions b(g,w) of endowments and offers. These
functions are smooth and their derivatives are given by

Db=—[D,]1 'D,¢ and Db=—[D,]1 'D,L.

This last fact will become important in section 5, where we analyze the
structure of the set of interior NE in allocation space.

Remark 34. Since equilibrium bids exist for any w (see section 4), our
transversality result guarantees that, for an open and dense set of endow-
ments, the set of equilibrium strategies has the same codimension as E,
¢n—1. It follows that the set of equilibrium strategies has dimension /n.
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Compare our result with Dubey and Rogawski (1990, Proposition 3). They
consider a general class of smooth mechanisms and find that, when Nash
equilibria exist, the set of equilibrium strategies is a manifold of generic
codimension Zn—n. Our codimension result differs from theirs, because our
allocation rule (2.2) causes the mapping from strategies to allocations to be
discontinuous, which violates their (smoothness) Assumption 1. Consider,
however, a generalized game derived from the market game I’ in the obvious
way, but in which a player’s feasible strategies (given the strategies of others,
o_,) are those bids and offers satisfying inequality (2.1).% The set of NE has
not been changed, but the dimension of the strategy space is reduced to
2¢n—n. We can now apply Proposition 3 of Dubey and Rogawski (1990) to
this generalized game, concluding that the set of Nash equilibrium strategies
generically has codimension /n—n. Hence the dimension is generically
(2¢n—n)—(¢n—n), or £n, which is in accord with our results.

4. Existence of interior Nash equilibrium

In this section, we develop a simple proof of the existence of interior Nash
equilibria using the structural results of the previous section. Our strategy for
showing existence of equilibrium is to use the fact that if offers are
sufficiently large, then all equilibria are interior [cf. Proposition (2.12)]. We
replace the fixed-point argument of Peck and Shell (1985) with a similar
degree-theory argument, which is also an adaptation of the program of
Balasko (1987, especially chapters 4 and 5) to the market game setting.

Let L be a connected subset of offers yielding interior Nash equilibria and
let Q@ be the subset of endowments defined below. We define the natural
projection y:E—Lx € from the equilibrium manifold to LxQ as the
restriction of the projection m:4 x L x @—~L x Q to E. We then show that x is
proper, and that if endowments are Pareto optimal, then for any g, the
equilibrium bids are unique. This implies that the mod2 degree of the
mapping x at any Pareto optimum is 1. Since y is proper, the mod 2 degree
of y is homotopy invariant, so deg,x=1 for all (¢, w)eL xQ. This in turn
implies that the number of equilibrium bids associated with any (q,w) is
(generically) odd and, since x is onto, that an interior Nash equilibrium
always exists.

Before giving the formal definition of (the subset of offers) L, we need the
following assumption.

Assumption 4.1. Endowments lie in the set Q< R, defined by the con-

SWe are grateful to Pradeep Dubey for showing us that our Proposition 3.1 follows from
Proposition 3 of Dubey and Rogawski (1990). Several calculations (and related Remarks) from
our proof are used in sections 4 and 5.
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dition Q={weR7,|0<w<w<d<ow}, where we have weR?,, ®deR?,,
and w<a.

Definition 4.2. Let {(w)>0 be defined by the condition that for all # and
i, x> {(w) for all allocations x, in the set IT, [given in expression (2.14)]. Let
the scalar { be defined by {=inf ,{(w)/2=1/2inf {(w). Such a scalar { exists
and is bounded above zero under our assumptions on preferences. Let M be
an arbitrary positive scalar. Next define L, the set of sufficiently large offers,
by

L={qeR?,|wj+ M>gi>w}—{ fori=1,...,¢, h=1,...,n, and
weQ). (4.3)

We shall be looking for equilibria in which the offers are in the set L.6 It
follows from the proof of Proposition (2.12) that all such Nash equilibria are
interior. We show next that they must also be uniformly bounded away from
zero. This will yield the properness of the mapping y described above.

By positivity of bids, we may renormalize bids on market 1 such that
B'=3%%_, by =1. Individual rationality for consumer h implies

{+aq—w,
bz e, (4.4)

It follows that, at any equilibrium with geL, there exists ¢é>0 such that
bi>efor all h=1,...,n and for all w in the closure of Q. That is, this bound
on equilibrium bids does not depend on w. We now show that bids on all
other markets are bounded as well, given the renormalization, B! =1.

Lemma 4.5. There exist constants § and 0 such that for i=2,...,/ we have
0<0< B'<8< o for any equilibrium of T with qe L.

Proof. Fix weQ. Since equilibrium bids are individually rational, the
equilibrium is interior, and hence the interior first-order conditions for best
responses obtain. By the continuity of the u, and the fact that sets 17,
[defined in (2.14)] are compact, it follows that there exist positive constants
a(w) and B(w) such that at any interior equilibrium we have

SWe are grateful to the JME referee for pointing out that L must have no boundary in order
for the degree theory approach to be applied. To show existence of NE for g=w, we therefore
allow L to contain offers greater than endowments and assume that allocations are given by egs.
(2.2) even though g,>w}, for some (or all) h and i. If such offers were allowed in the game,
Theorem (4.10) shows that they would be consistent with interior Nash equilibrium. Refer also
to footnote 1 above.
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o) < ou,/0x,

= 3, /oxi =y (%)

for h=1,...,n and i,j=1,...,7. Using the first-order conditions to express
marginal rates of substitution in terms of bids and offers, we get

o) <(Qi/Bi) (BY/Q')*(B/O4) (B'/Q') < flw) (4.6)

for h=1,...,n and i,j=1,...,Z. Let j=1. By Definition (4.2), the left-hand
side of inequality (4.6) implies that

Yem@it M\ B\ T
a(w)é( k£h B;": )(zk(wi—C)) (ZH;.((D{—O)(Z"(“):-}-M»Z

holds for i=2,...,¢ and all h. Collecting all terms not involving bids on the
left-hand side of this inequality and denoting the resuiting expression by
M (w), we have

Mi(w)<(B)*/B,

for i=1,...,¢ and k=1,...,n. For some consumer k', we have (B}/B)Z1/2.
Hence we have

| By i i
§M1(w)§—3% Mi(w)<B

for i=1,...,¢. Let 6(w) be defined by &(w)=min[1/2M}(w)]. Finally, by
Assumption (4.1), all endowments are bounded away from zero so that wh—{
is also uniformly bounded away from zero for all h and i, and we can define
6 by

6=1nf §(w)>0.
0
A similar set of estimates on the right-hand side of inequality (4.6) yields
the corresponding value of the upper bound 8. O

We have shown that the aggregate bids B' are bounded away from zero.
We next establish that the individual bids are bounded away from zero.

Lemma 4.7, Consider the game I'(q; w) where weQ and qeL. Then the
(interior) NE bids be A are bounded away from zero.
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Proof. From expression (4.4), we have b,2ki(q,w)B;, where ki(q,w)=
[4n—(0a =)Wy + Q4 —{)>0. Hence we have [1+ki(q,w)Ib;>ki(q, w)B’,
which yields

i ;l(q’ (0) i k;l(qi (1))
””g<[1+k;<q,w)]>3 ;([1+k;'.(q,w)])g>°' =

We are ready to begin the degree-theory proof to establish the existence of
interior Nash equilibrium. [The reader is referred to Balasko (1987, chapters
4 and 5) for the mathematics behind our general method of proof. We adapt
the Balasko analysis of the competitive model to the present market-game
setting. ]

Lemma 4.8. Define the natural projection y: E—L x Q as the restriction of the
orthogonal projection m: 4 x Lx QL x Q to the equilibrium manifold E. Then
the natural projection y is proper.

Proof. Since 4 is compact, it is sufficient to show that if a sequence
{g-w.}eLxQ of regular offers and endowments converges in LxQ to a
regular endowment and offer pair (¢, w), and {b,} is an associated convergent
sequence of regular, interior equilibrium bids, then the bid b=1lim,_, b, is an
interior equilibrium bid associated with the endowment-offer pair (q,w)=
lim, ., (4., @,).

Note first that by the previous lemma, we may renormalize bids so that
they lie in the unit simplex 4. For regular equilibria, we know that the
equilibrium bids are given locally as continuous functions b(q,w). Hence we
have lim,_, , b,=1lim,_,  b(q,,®,)=b(q, w)=b, so we know that b is in fact an
equilibrium bid. That b must be an interior Nash equilibrium bid now
follows immediately from Lemma (4.5). Hence the natural projection y is
proper. O

Lemma 4.9. The mod 2 degree of y is 1.

Proof. Since y is proper, the mod2 degree of y is a homotopy invariant
[see Balasko (1987, page 236)]. Hence it suffices to calculate the degree of x
at any regular interior equilibrium. Consider the case where endowments are
Pareto optimal. Then, for any g, the equilibrium bids beA are uniquely
determined by the conditions

(@w/bi)=(Q/B) for i=1,....¢ and h=1,...,n

and
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dup(wn)/0x), _ B'QY

duy(w,)/0x] Q'B’ for h=1,...,n and i,j=1,...,¢.

If we can show that these equilibrium bids, offers, and endowments represent
a regular value, it would follow that deg,y=1, so that for all regular
offer-endowment pairs, the number of equilibria is odd [see Balasko (1987, p.
234)]. To show that some Pareto optimal equilibrium is regular, we need to
show that we have érh {0} when w is Pareto optimal. We shall show this by
calculating D¢ and showing that it has full rank for some ge L. It will then
follow that D¢ has full rank on an open neighborhood, N(g), of §. Then by
the transversal density theorem, for an open and dense subset Ny(g) < N(g),
we have &, {0}. Hence for geNo(q), the Pareto optimal interior Nash
equilibrium is regular.

To calculate the rank of the Jacobian D £, we use the fact that at any
Parcto optimal equilibrium, all allocations are autarkic [Proposition (2.19)].
As in the previous section, the rank of D ¢ is determined by the rank of the
Jacobian of consumer h’s best responses, D,b. We can calculate the rank of
the Jacobian Db by using the fact that at an interior, Pareto optimal
equilibrium the allocation rule yields the identity

th = Qbh

for h=1,...,n. Differentiating this expression with respect to g then yields the
Jacobian matrix

0 'B
0;'b,

T8, ... O7'b,
18 ... 05,

~ ~

0; 16, 016, 0°'B

Since Q"'B=Q, B, for all h at any interior, Pareto optimal Nash
equilibrium, the determinant of D b takes the form

I ... By,
IDb|=%|07*By|...| QB | P -
B, ... 1
Since the equilibrium is interior, we have |Q,,' 13,,|#0, so the rank of Db

turns on the rank of the large matrix above. Since B, '5,=0, '3, at any
(interior) Pareto-optimal equilibrium, this matrix is equivalent to the matrix
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O ... 4

4 - Q

©
(=]
[X<%Y
oy
=
~
. I <o
39
~N
e
N

0 0 ... M,
where M, Q,,+Z 10,—3,1[0:— a1 tan assuming that the inverse
matrices exist. We note that for generic values of g,, 0, — g, will, in fact, have
full rank. If the matrix M, has full rank, then Q' will have full rank and

hence, Db will be of full rank. For M, to be singular requires (since all of
the matrixes involved are diagonal) that we have for some market i

i =0.
Q"+k§n (Qk ) q

If this expression holds, however, we can make a perturbation of ¢ which
yields something nonzero. This can be verified by calculating the derivative

M._
= kg,[«zk (G- g+ O qn)]

Since we have Q}+Qi—qi—g.=2;.,.4;>0, this derivative is negative.
Hence for generic g, D b has full rank. We let § be such that D,b has full
rank. By the argument above, we obtain a unique, regular Pareto optimal
equilibrium at g with associated bids b. O

Theorem 4.10. For any feasible (q,w)e L x Q, there exists an interior Nash
equilibrium.

Proof. By Lemma (4.9), we know that deg, y=1. Hence the mapping y is
onto. To show this, suppose that for some (q,w), x (g, )= &. Then (q, w) is
regular for x, but the number of pre-image points is 0 which is even. This
contradicts the fact that deg, y=1. Hence, y (g, w) # & for any pair of offers
and endowments in L x Q. 0O
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We have shown that interior NE exist for e Qc R, and qe LcR?,.
The set of interior NE is parametrized by endowments w and market
thickness g. We turn next to the analysis of the structure of the set of interior
NE in allocation space.

5. Structure of the set of interior Nash equilibria in allocation space

We wish to show that for an open and dense set of endowments, the set of
equilibrium allocations has dimension /n—¢. From the structure result of
section 3, we know that, for a regular economy (g,, w,), the equilibrium bids
b can be expressed locally as differentiable functions of offers and endow-
ments on a neighborhood of (gy,we). Let Ly x 2, denote such a neighbor-
hood, and let b(q,w) denote the equilibrium bid function, so we have
b:Lyx Qy— 4.

Substitute the mapping b(q, ) into the allocation equation (2.2) to obtain
the mapping p(g, w). Define the mapping of equilibrium net trades z(g, w) by
2(q, w)= p(q, ) — w. If we are treating o as fixed, the function mapping offers
q into equilibrium net trades is denoted z.,(g). We know that if endowments
are Pareto optimal, z,(q) is identically zero; however, this is a degenerate
case. For the case in which endowments are not Pareto optimal, we shall
show that, except for a closed nowhere dense set of offers, z,(q) is locally a
submersion and hence maps neighborhoods of any given offer g, onto
neighborhoods of z,(g,) in allocation space. The dimension of the set of
equilibrium allocations is /n—¢, which is the same as the dimension of the
set of feasible allocations. Since the choice of (qo, w,) Was arbitrary, the set of
equilibrium allocations has dimension /n—¢ in the neighborhood of any
regular economy.

Our result can be intuitively explained as follows. There are /n allocation
equations from (2.2) that must hold with equality, of which £ are redundant.
There are also n—1 independent budget equations from (2.1) that must hold
with equality. First, we fix ¢ and consider perturbations of w. There are ¢/n
degrees of freedom in perturbing ®, and there are / market clearing
restrictions. However, there are n— 1 additional restrictions due to the budget
constraints. The reason is that perturbing  also perturbs the bids, so that a
particular consumer’s bids may adjust so as to violate another consumer’s
budget constraint. Thus, by considering endowment perturbations, we find
{n—{¢ —(n—1) dimensions for the set of equilibrium allocations. By consider-
ing perturbations of ¢, holding endowments fixed, we recover the (n—1)
dimensions that were lost earlier. This intuition then suggests that the set of
equilibrium allocations has generic dimension £n—¢.

The formal analysis involves the derivative matrix Dz(q, ). The maximal
rank of Dz is /n—¢. We will show that for any (q,w)e Ly x 24, Dz in fact
has exactly rank ¢n—¢. For this analysis, it will prove convenient to
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normalize bids such that b%=1. With this normalization, we also let P denote
the projection on the space of normalized bids.
We first calculate the derivative matrix D,z, for an arbitrary consumer h.
Express consumer h’s allocations as
xy=w,—q,+B'Qb,, (5.1)
which yields
Bz,= —Bg,+ Qb,, (5-2)

where z, is consumer h’s net trade. Differentiating expression (5.2) with
respect to g, yields

BD,z,+%D,B=—B-4,D,B+b,+0D,b,
=—B,+ Qth;.bh —4,D,,B,

(where the last step follows from writing 0 =0, + 4, and B=B, +b,). This in
turn yields

BD,,z,= — B, +(0,— 2D, by—(2,+4,)D,, By (5.3)
Since 3, +§,=B~'0b,, it follows that we have
On—2y=0s—(~§y+B'0b,)=0—B"'0b,. (54)
Substituting expression (5.4) into expression (5.3) yields
BD,,z,=Q[I-B'5,]D,b,— B '0b,D,,B,—B,,
which in turn yields
BD,,z,=B 'Q[B,D,b,—b,D,,B,]1—B,. (5.5)

By a similar calculation, one obtains the following expression involving the
derivative D, z,:

BD,z,=0B~'[B,D,b,—b,D, B,]+b, (5.6)
for k#h. Now, let ¥ be the /nx¢n diagonal matrix having £ x¢ diagonal

blocks consisting of j’" Let @ be defined similarly, but with ¢ x¢ diagonal
blocks consisting of Q. Let = be the matrix defined by
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B, &, 5, |
5, -B, b I X
b by ... ... —B,, b,

5 6 . .. 5 B,

and let £’ be the matrix £ with its last column deleted. Let Db denote the
derivative matrix of equilibrium bids with respect to q. This derivative is
obtained from the mapping &(b, ¢, w) for regular equilibria using the implicit
function theorem, which yields

D,b=—[D,¢]7'DL.
The derivative matrix D,z can now be expressed as
Dz=—¥Y " {®¥ 'Z'Dbh—E).

By a similar calculation, we find that the endowment derivatives take the
form

D,z=—-Y 2®Z'D,b.
Hence we have
Dz=[D,z,Dz]=[-¥~ 2¢'D b, P E-¥" 2<115.E'D,,b]. (5.7

We wish to show that Dz has full rank, ie., rank Dz=¢/n—¢. Consider
D,z. From the implicit function theorem, we have D, b= —[D,é]'D,¢ and
D,¢=PD,_b, where P is the projection on the space of normalized bids and
D,b is a block diagonal matrix with components D, b, on the main
diagonal, and, as in section 3, b, is consumer h’s best response bid given all
other consumers’ bids. By applying the implicit function theorem to the first-
order conditions for determining best responses, we have

thEh = KthuhQBhﬁ_ 2.

At any interior NE, D,,,,IE,, has rank £ —1.

Let us show that D,z has rank /n—¢/—n+1. Let G,,=[D,,,h5,,, w,], where
D,, b, is the matrix of derivatives of best responses taken with respect to the
first /—1 commodities, and the vector w, is such that wj K,=0. For each h,
the matrix G, has rank /. Now, let G=diag,[G,], and let G denote the
matrix obtained from G by deleting the last row. The matrix G has rank
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¢n—1. Now, let C be defined by C=¥ 20Z'[D,&] . Since matrix =’ has
rank £(n— 1) while all the other matrices in this expression are of full rank, C
has rank /(n—1). It follows then that the matrix CG has rank ¢(n—1) since
G is of full rank. This matrix, in turn, takes the form CG=[CPD_b, CY],
where Y=diag,[w,] is (/n—1)x(n—1). Since Y has n—1 linearly indepen-
dent columns, the rank of CY is n—1. Since CG has rank #(n—1), it follows
that the rank of CPD_b is £(n—1)—(n—1)=¢n—¢—n+1. Since we have
CPD_,b=D,z, the assertion follows.

With rank D, z=¢/n—¢—(n—1), it remains to show that the matrix D,z
has at least n—1 linearly independent columns which are also independent of
the columns of D,z in order to show that Dz has full rank /n—¢. To do
this, we will show first that if endowments are not Pareto optimal, then D,z
has at least rank n—1. We then show that no column of D,z lies in the
subspace of the nullity of D,z determined by the budget constraints. This
subspace can be defined as follows. With D,z= — ¥ ~2®Z'D_b we know that
Y™, z=0, where YT=[I,...,I] is an ¢ x¢n matrix which sums the net
trades on each market. One can easily verify that this result holds because
Y"¥ 295 =0. The vectors in the matrix 1 correspond to the linear
restrictions on derivatives imposed by the market-clearing conditions. These
vectors span an /£ dimensional subspace in the nullity of D,z which is of
dimension /+n—1. Since n>1, this means that there exist n—1 vectors v,
which annihilate the matrix D,z and are linearly independent of the vectors
of 7. From the calculations above, it follows that these vectors can be chosen
such that

viP 205 [D,E] 1P=[0,...,w},...,0]=w; for h=1,...,n—1,

since the vectors w, (and only these vectors) individually annihilate the D, z,
matrices. Note also that since we never consider consumer »n, this expression
can also be written (with a slight abuse of notation) as

VP 2QEF 1 =w],

Dyt ©
%]

is a full rank extension of D,¢. For the vectors v,, then we have

where

ViDz=v; ¥ 'E+v; ¥ 2PEF 'D,b.
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We now prove the following proposition, showing that g-perturbations
span the null space of D, z.

Proposition 5.8. If endowments w are not Pareto optimal for the market game
T, then for an open and dense set of q’s, there exist n—1 linearly independent
columns of D,z which are independent of D,z

The proof of Proposition (5.8) is based on two lemmas which we prove
below. In order to state and prove the lemmas, we will need the following
facts. First, because the matrix ¥ ~!® is diagonal with identical ¢ x # blocks
on the main diagonal (ie., the matrices B~1(), this matrix commutes with
the matrix Z. Hence we can write

D,z=¥'E[I— ¥ D b],

where @ is defined to be @ with its last row deleted. Let 5 =vf ¥~ 'Z. Since
ViV 2PE=vI¥ 'Z¥ '@ has been assumed to be non-zero, it follows that
¥ is not in the nullity of =. One can also show that since the vectors v, are
independent, the vectors #, are also independent, since ¥ is full rank and =
is full rank on the complement of its null space. Therefore, to show that
viD,z#0 on n—1 linearly independent columns of D,z, it is sufficient to -
show that ni[I—¥~'®Db]1#0 for h=1,...,n—1, and that [I— ¥~ 'éD_b]
has at least rank n—1.

Lemma 5.9. If w is not Pareto optimal, then we have rank [I—¥ ~'®Db]>
n—1 for an open and dense set of offers ge L,.

Proof. Suppose the matrix [1— ¥ ~'®D,b] has rank less than n—1 at g,. If
the set

L$={qeL,|rank [I—¥~'$D ] <n—1}

is locally isolated, then by perturbing q away from g, and redefining the set
L, to exclude the set L§, we get the desired result. So assume that L& is not
locally isolated. The assumption that [I— ¥ ~'#D b] has rank less than n—1
implies that every collection of n—1 or more rows of the matrix is linearly
dependent. Fix some commodity index ie{l,...,#/} and consider the
(n—1) x £n matrix

5— % D5
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where S=[1I,_,,0,,-.+1] and b* is b with consumer n’s bid deleted. The
matrix [S—(QY/B")(D,b)] selects rows of [I—¥~'®D,b] corresponding to
market i for consumers 1,...,n—1. By assumption, this matrix is singular, so
there exists a vector dg, such that

[5—(Q"/B)D, 5] dgo=0. (5.10)

Since the set L¥ is not isolated, there is also a path g(t) e Ly, te(—¢,¢) such
that g(0) =q,, (dq(t)/d?)|,-o=d4o, and for all te(—s,e),

[S—(Q/(1)/B'(1)D,b'(1)1d(2) =0, (5.11)
where ¢ denotes the ‘time’ derivative, dg(z)/dt. Eq. (5.11) thus determines an
ordinary differential equation whose solution functions b¥(t) satisfy eq. (5.10)
at t=0.

To determine the solution to eq. (5.11), consider the case where, for fixed

commodity index i, there exists an agent h such that for te(—e,¢) we have
zi(g(t)) =0. From the allocation rule, it follows that we have

q;/by=0Q'/B". (5.12)
By substituting Q% +4' and Bi+ b} for Q' and B’ on the right-hand side of eq.
(5.12), one can easily show that g}/bi=Q}/B;. Differentiating the identity
q,B'=b.Q" in the direction dq, at g, then yields

[B'el, +q,D,B' — bje' — 0'D,b}1dg, =0, (5.13)

where €,=[0,...,1,...,0]€e R’ and ¢'=) , ¢}. The matrix in eq. (5.13) can be
rewritten as

¢ [ D, b |

(b, By b1 | € | +Dghses —Qh...i] | Db

e D, b}

Since we have ¢,=Q'bi/B' and Q\,=Q'Bi/B, it follows that expression (5.13)
can be written as

[-b},...,Bi,..., —bi1[S'—(Q"/B)D,b'] dg, =0, (5.14)

where §'=[1,,0,,_,]. By the hypothesis of the lemma, the second matrix in
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brackets in (5.14) is annihilated by the vector dq,. Hence, by uniqueness of
solutions to differential equations, the solution function b(f) to eq. (5.11) is
such that zi(g(t)) =0 along the path g(t).

Note next that by taking h=1,...,n—1 in eq. (5.14), we change only the
first vector of bids in the equation. Hence for all h, we have zj(q(t))=0.
Finally, given our assumption that [I—¥~'@#D_b] has rank less than n—1,
eq. (5.14) must also hold for i=1,...,7. Hence, for all i and h, we have
zi(q(t))=0. Proposition (2.9) thus implies that @ is Pareto optimal, contrary
to hypothesis. ]

We show next that the columns of D,z are independent of those of D,,z.
Lemma 5.15. For j=1,...,n—1and, k=1,...,n, we have v]D, z #0.
Proof. We need to calculate
VID z=v]¥ 'E+V] P 1EPY 'GF'PD,b. (5.16)
Since we have v]¥ 'E¥'@F ! =w], it follows that v/¥ 'E=w]F '¥=
wiDsEP® WP holds, where the last equality follows from the fact that

w/,=0, given our normalization of the bids. From the definition (in section 3)
of the mapping &, one can check that, at an equilibrium b, we have

D¢ = P[I—D;b].

The matrix D3¢ is of the form

where the matrices M, are obtained from the first-order conditions by
applying the implicit function theorem, and

M,=— Kh[BhQB_zDzuhééhB_ 21— “h‘IZQ L
Note that for all h, wfM,= —qfQ !, so we have

LT S, S Pt
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The second term in  expression (5.16) takes the form
VI¥ 'Y 1¢F'PD b=wID b= [w/E WiEj;,...,wlE;], where, as in
sectlon 3, E4=D, b,I and E,,—D b,, for all k#h. From the calculations of
section 3, we have wiE,=q1Q" Y and wlE,,=—QF0 2B for all h. With

these calculations, we now have
viDz=[q;,..., —Q],....q; 197 *¥ +[q},..., —Q],...,q; 1Y
=2[q},..., —Q],....q; 1® Y.

Since #~2¥ is a diagonal matrix and the preceding vector is not zero, it
follows that, at an interior Nash equilibrium, no column of D,z is ortho-
gonal to any of the vectors v; for j=1,...,n—1. |

Proof of Proposition 5.8. The proposition now follows from the two
lemmas. By Lemma (5.9), we know that if endowments are not Pareto
optimal, then for generic q, D,z has at least n—1 linearly independent
columns. By Lemma (5.15), each of these columns is independent of those of
D,z. O

Corollary 5.17. For an open and dense subset of Lyx$,, the rank of
[D,z,D,z] is {n—¢.

Proof. QObvious. [

Corollary 5.18. For an open and dense subset of ., the rank of D,z is
{n—~.

Proof. By Corollary (5.17), the mapping z: Ly x Qo—R "¢ is a submersion
and hence is transverse to anything. By the transversal density theorem, then,
the mapping z,,: L,—R’™ ¢ is transverse to almost any point in R”~¢, which
implies that the derivative matrix has full rank at almost any allocation in
the range of z,. Since the null space of D,z is of dimension n—1 and the
mapping z is a submersion, it follows that z, is a submersion for an open
and dense subset of €,,. O

Corollary 5.19. For generic o, we have dim[Imz_(q)]=¢(n—¢.

Proof. Since z,, is generically a submersion, it acts locally like a projection
and hence maps L, onto some neighborhood in R”*~¢ having full dimension
¢n—7/. The only endowments for which the dimension is less than /n—¢ are
the Pareto optimal endowments and endowments in the set {weQ|(q, w)is a
singular point for all ge L}. O
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