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Capital Gains, Income, and Saving1 

1. INTRODUCTION 

Since the General Theory, the consumption function, relating the level of consumption 
to "income ", has been a standard part of macroeconomic theory. In the usual analysis, 
the measure of " income " that is employed in the determination of the level of consumption 
is Disposable Income. Why is this chosen as the relevant measure of income? Presumably 
because the consumption function is derived from an aggregation over individual demands, 
and individuals base their decisions upon a microeconomic measure of income that is 
similar to the macroeconomic Disposable Income. But if this is in fact how the con- 
sumption function is derived, i.e., if it results from an aggregation over individual demands,2 
then income of individuals is not correctly represented by Disposable Income, for capital 
gains are excluded. Individuals can consume or save out of capital gains just as they can 
consume or save out of wage or interest income. Indeed, if capital gains could be perfectly 
foreseen (and there were equal tax treatment), then individuals would be indifferent between 
interest income and capital gains. That tax advantages can make a dollar of expected 
capital gains preferable to a dollar of dividend or interest income for some individuals is 
evidence that expected capital gains do enter individuals' calculations. One individual 
buys IBM shares and receives a return in the form of capital gains; another individual 
buys AT & T shares and receives a return in the form of dividends. Clearly the former 
is as much a part of " income " as the latter. 

Thus, when expectations about price changes are fulfilled, the measure of income that 
would seem to be relevant for the determination of consumption is Disposable Income plus 
capital gains.3 We call this definition of income Individual Purchasing Power 4 (_ Dispos- 
able Income+ Capital Gains). Individual Purchasing Power is equal to the value of 
consumption that is consistent with zero change in the value of individuals' wealth. 
This definition of income has a long tradition; it is that proposed in 1921 by Robert 
Murray Haig [4]: consumption plus the change in the value of (individuals') wealth.5 
The Department of Commerce definition of Disposable Income is equivalent to con- 
sumption plus the value of the change in wealth. The difference between the two is capital 
gains.6 

1 K. Shell gratefully acknowledges the support of the Ford Foundation Faculty Research Fellowship 
programme. The Editors have the sad duty of reporting that M. Sidrauski died on 31st August 1968. 

2 On the other hand, the consumption function could be thought to be the result of government 
action. As in Solow's model [12], fiscal and monetary policy might be such that the level of savings (and 
investment) is a given fraction of Disposable Income. But this is a peculiar policy for the government to 
pursue, and this approach obviates at least the short-run macroeconomic analysis, which attempts to 
separate government activity from individual activity. 

3 When expectations are not fulfilled, that part of capital gains which is foreseen ought to be included; 
that part which is not foreseen has to be treated differently. 

4 Previous authors, particularly in the theory of money and growth, have employed similar income 
measures in the consumption function. See, for example, Tobin [13]. But the problem of capital gains 
arises not only in monetary economies; it arises in any economy in which there is a store of value (e.g., 
capital) whose relative price changes. 

5 In U.S. personal income taxation there are two important violations of the doctrine that taxation 
depend upon the Haig (and our!) measure of income: (1) Capital gains are taxed only when " realized ", 
and (2) The rate of taxation on realized capital gains is lower than the rate of taxation on wages and 
dividends. The first violation is rationalized in terms of ease of administration, etc., while the second 
violation is rationalized as encouragement to risk-bearing. The recent Report of the Royal Commission 
on Taxation essentially proposes that Canada's personal income taxation be based upon Haig's definition. 

6 This is correct only if the value of human wealth is excluded. Since markets for " capitalizing" 
human wealth are notoriously imperfect, this assumption may not be unacceptable. 

15 
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16 REVIEW OF ECONOMIC STUDIES 

We do not want to embark here on a discussion of whether in fact savings as a 
function of income, properly defined, is a reasonable description of how the individual 
(or the economy) behaves. In the context of a dynamic economy, it is clear that if perfect 
borrowing and lending markets exist, then wealth is a much better index of individual 
welfare than income.' Nor do we want to discugs whether individuals behave according 
to " rules " (like consumption a fixed fraction of " income ") or whether they maximize 
their intertemporal utilities. But it does seem to us that if individuals follow the simple 
rule of consuming a fixed fraction of income, then the relevant definition of income 
is what we have called Individual Purchasing Power. 

The purpose of this paper is to consider the implications for the traditional models 
of economic growth of this reformulation of the consumption function. First, we consider 
the two-sector growth model proposed by Meade and more fully articulated by Uzawa. 
Although long-run balanced growth is unchanged, the dynamics are considerably altered 
by our reformulation. We show how the dynamics of the Solow-Swan, one-sector economy 
are altered, although again long-run balanced growth is unaffected. When, however, a 
second store of value, for example, government debt, is introduced, not only are the 
dynamics affected but also the long-run equilibrium may be altered. Moreover, in none 
of the models that we have treated is dynamic behaviour invariant to " the choice of 
numeraire"; the model in which the consumption value of savings is a constant fraction 
of Purchasing Power measured in consumption units is quite different from the model in 
which the capital goods value of savings is a constant fraction of Purchasing Power 
measured in capital goods units-and so forth. 

2. THE TWO-SECTOR MODEL 

The market value W of the existing stock of capital in terms of consumption goods is 
defined by 

W=pK, ...(2.1) 

where K is the capital stock, and p is the market price of capital in terms of consumption. 
In the introduction, we argued that in an economy in which individuals are indifferent 
between returns in the form of factor rewards and in the form of capital gains, the appro- 
priate definition of income from an individual point of view is the value of factor rewards 
plus expected capital gains due to expected changes in the relative prices less the value 
of the depreciation of the stock of physical capital. We have called this measure of income 
Individual Purchasing Power and now denote it by Yso that 

= YC+pYI-ppK+ peK = Y-pK + peK, ...(2.2) 

where Yc and YI are respectively the output of consumption and investment, Y is the 
consumption value of output (equal to the value of factor rewards), ,u > 0 is the constant 
relative rate of depreciation of capital, and pe is the expected rate of change in the con- 
sumption price of capital. If expectations about price changes are always realized, 
pe = p, and if individuals attempt to save a constant fraction s of Purchasing Power, then 
from (2.2) demand for savings is 

s[ Y+jpK-p4uK]. 

Realized savings are equal to the change in the value of wealth, 

W= pk+pK. ... (2.3) 
In market equilibrium, then 

pk+Kp = s[Y+PK-p1tK], ... (2.4) 
I Cf. Samuelson [9]. 
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CAPITAL GAINS, INCOME, AND SAVING 17 

with 0<s<1. Our savings hypothesis is consistent with that of Uzawal only when 
individuals expect that prices will not change and that capital will not depreciate. 

Momentary Equilibrium. Denote per capita quantities by lower-case letters. The 
heavy curve in Fig. 1 is the production possibility frontier (PPF) corresponding to the 
value of the capital-labour ratio k. If competitive producers maximize profits, then given 
k, the price ratio p determines per capita output of investment and consumption, y1 (k, p) 
and yc(k, p). If capital intensities are unequal, along the PPF, yI is a strictly concave 
function of yc. Therefore, given k, if efficient capital intensities in the two sectors differ, 
the per capita composition of output is uniquely determined by p. If capital intensities 

yc 

y(k, p) 

YC (k P) y0(k,p) I ~~~SLOPE (-P) 

yI (k, p) YI 

y (k,p)/p 

FRuRE 1 

are equal, the PPF is a straight-line segment and the per capita composition of output is 
uniquely determined if and only if p is unequal to minus the; slope of the (straight line) 
PPF.2 

If capital intensities differ, the labour force L, the capital stock K, and the price ratio p 
uniquely determine YI and Yc and hence Y = YC +p YI and K YI -UK. Therefore 
(2.4) can be solved for the unique p which will clear the savings-investment market, given 

1 In [14], Uzawa assumes that gross savings are a constant fraction of the value of gross national 
product Y. 

The discrete time analogue to equation (2.4) is 
Pt(Kt+ at-Kt)+ (Pt JMA-Pt)KtS = sLt Y( pt, Kt, Lt)- AtPt +AttkKt+ (Pt+ at-Pt)Kt1, 

where Y(pt+At, Kt, Lt) is the consumption value of the average rate of output produced in the period 
[t, tA At]. Dividing by At and taking the limit as At-S yields (2.4). The discrete time analogue leads to 
the following interpretation: Today's prices are inherited from yesterday, while tomorrow's prices are 
determined in today's consumption goods market. 

2 Even though momentary equilibrium may not be uniquely determined, the system is always causal. 
Causality will be discussed in more detail in the next section on the one-sector model. 

B 
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18 REVIEW OF ECONOMIC STUDIES 

the inherited endowments of capital and labour, and the inherited price ratio. Notice 
then a major difference between our formulation of the two-sector model and that of the 
previous two-sector models. In the previous models, determination of momentary 
equilibrium (given factor endowments) involves finding a price ratio that will clear the 
market. In our model, however, the economy inherits prices as well as endowments. 
Determination of momentary equilibrium involves finding the rate of change in the price 
ratio that will equate supply and demand. 

Dynamics. As usual, we assume that labour L is growing at the exogenously given 
relative rate n. For ease of exposition, we assume that the rate of depreciation ,u = O.1 
Then differential equation (2.4) can be rewritten as 

pk/L = sy-(1-s)pk. ...(2.5) 

When the supply and demand for investment goods are equal K = YI, and (2.5) reduces to 

sy(k, p) - pyl(k, p) _ p[(w + rk)(s/p) - y1(k, p)] ...(2.6) 
(1 -s)k (1- s)k 

where w is the wage rate, r is the rentals rate on capital, and y = w+ rk. Since k KIL 
and IK/L = yI, capital accumulation is given by 

k = y1(k, p)-nk. ...(2.7) 

Differential equations (2.6) and (2.7) completely describe the laws of motion in our two- 
sector economy. k and p uniquely determine y and y, and hence uniquely determine 
p and k. 

In order to simplify the analysis, in what follows we assume that the consumption 
goods industry is always more capital intensive than the investment goods industry. A 
balanced growth path is defined by p = 0 = k. Since there are no capital gains in balanced 
growth, our balanced growth state is identical to that of Uzawa [14]. If production 
functions satisfy the Inada conditions and the capital-intensity hypothesis, then there 
exists a non-trivial balanced growth state.2 That is, borrowing from Uzawa [14], we 
know that there exists a positive (k*, p*) such that 

sy(k*, p*) = p*yj(k*, p*) 
and 

Yi(k*,p*) = nk*. 

We shall now prove that in our model, if the capital-intensity hypothesis is satisfied, the 
non-trivial balanced growth equilibrium (k*, p*) is locally stable. Taking the linear 
Taylor approximation 3 of the system of differential equations (2.6) and (2.7) about 
(k*, p*) yields 

Ok DP8Y 1 (kk) 

_ __l _ n 
_ _ (____ _ __ I' I .. (2.8) 

____ 
sr aY p 8D(sy/p) 

a Y * 
whr tL(1 -is)k i p t2 (I s)k e D at p) (P P x ) 

where the expressions in the 2 x 2 matrix are evaluated at (k*, p*). If x is a characteristic 

1 This latter assumption will be relaxed in section 4. Indeed, combining the assumption p > O with 
n = 0 will have important welfare implications for the economy that follows the savings rule (2.4). 

2 See [14], pp. 111-112. It is important to notice, however, that out of balanced growth, the dynamics 
of our model differs from that in [14]. The proof of the existence of a balanced growth path uses the Inada 
assumptions about the production functions. 

3 It is a well-known proposition in two-sector theory (see e.g. [14]) that, when the capital-intensity 
hypothesis is satisfied and when both goods are produced, the price ratio p uniquely determines the wage- 
rentals ratio which in turn uniquely determines the respective capital intensities in the two sectors; thus 
uniquely determining the wage rate w and the rentals rate r independent of k. Thus 9r/9k = 0 = 1w/0k. 
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CAPITAL GAINS, INCOME, AND SAVING 19 

root corresponding to the system (2.8), then 

X2 _ r P ,D(SY/P,- aYA JR YI-n_ FY x 
JI - s)k DP Ap aP ak 

+ I -y'(n -sr/p) + al--n (yl) 
(I-s)k _p ak / ap j 

It follows immediately from Fig. 1 that (8yi) >0 and 8(s y/p) <0. At (k*, p*), 

n -y/k = s[(w/pk) + (rip)] > sr/p. 

p*X~~~~~~~~~~~~ 

p kkO 
k<O 

p>O 

k 
FIGuRe 2 

And from Rybczynski's theorem,l we know that, under our capital-intensity hypothesis, 
Oy1/8k<O. Therefore, the sum of the characteristic roots is negative while the product of 
the roots is positive. Thus the non-trivial equilibrium (k*, p*) is shown to be locally stable, 
and thus in this case (k*, p*) is globally stable. Furthermore, since the non-trivial equi- 
librium is stable, it is unique.2 

The full dynamics of the system (2.6)-(2.7) are depicted in the phase diagram of Fig. 2. 

1 See [8], pp. 337-338. In the notation of [14], yi = kc-k f1(k1) so that -Yk 
-f1(k1) <0 when Ak = Okc-k e 

kc > k1. 
2 And therefore when non-trivial equilibria exist, the trivial equilibria (with k = 0) are not stable. 
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20 REVIEW OF ECONOMIC STUDIES 

Incomplete specialization prices p(k) and p(k)-the absolute values of the respective slopes 
of the PPF at the corner YI = 0 and the corner y, = 0-are indicated as increasing functions 
of k.' Above p(k) the economy specializes to production of the capital good; by (2.6) 
p<0, and by (2.7) k 2 0 as k S k, where K is the maximum sustainable capital-labour 
ratio defined by f1(k) = nk. Below p(k) the economy specializes to production of the 
consumption good, so that k <0 and p >0. The p = 0 curve must, of course, always lie 
between p(k) and p(k). To the left of k, the k = 0 curve must lie between p(k) and p(k) 
but at k, the k = 0 locus must cut the p(k) curve. Consequently at the unique non-trivial 
equilibrium (k*, p*), the positive slope of the k = 0 curve must be greater than the positive 
slope of the p = 0 curve. Thus, as is shown in Fig. 2, economies initially endowed with 
a positive capital-labour ratio tend asymptotically to the (k*, p*) equilibrium. 

3. THE ONE-SECTOR MODEL 

We can also study the implications of our reformulation of the neo-classical savings 
hypothesis in terms of the Solow-Swan, one-sector model (which is a special case of the 
two-sector model with equal factor intensities). Momentary equilibrium requires that 
the value of savings be a constant fraction of Individual Purchasing Power i. 

CG+pK = s2, ...(3.1) 

where p is the market consumption price of capital and expected capital gains CG are 
equal to pK under the assumption that expectations about price changes are fulfilled. 
S = Y+ CG, where Y = max (1, p)Q is the consumption value of output, and Q is the 
quantity of output in physical units. Setting CG = pK yields 

s[max (1, p)Q+pK] = pK+ppK, ... (3.2) 
or 

(1-s)[max (1, p)Q+pK] = C, ...(3.3) 

where C denotes consumption. If p< 1, the economy is specialized to the production of 
the consumption good which implies, in the absence of depreciation, that K = 0. Hence, 
for (3.2) to hold when p < 1, capital gains must be positive, fp > 0. On the other hand, 
p>1 implies that the economy is specialized to the production of the investment good, 
C = 0. Hence from (3.3) p> 1 implies that fi<0. Letting Q/L = f(k), we have that 

k= =-nk 

{p =hs f(k)} for p<l ...(3.4) 
1-s k 

and 
{k =f(k)-nk} 

P f(k) Lfor p> 1. ... (3.5) 
p k J 

If p < 1, k is falling so that the average product of capital (f(k)lk) is rising 2 and thus from 
(3.4) we know that p is increasing faster than a constant absolute rate so that in finite 
time p = 1. If p> 1, (f(k)/k) is either rising or bounded from below by (f(k)lk) where 
K is the maximum sustainable capital-labour ratio defined by f (k) = nk. Hence from 
(3.5) we know that when p> 1, p falls faster than a constant relative rate. That is, if 
initially p is different from unity, p will become unity in finite time. 

1 That p(k) and p3(k) are increasing functions of k when the factor intensity hypothesis is satisfied is 
proved by Oniki and Uzawa [6] using the techniques developed by Johnson [5]. 

2 Assuming that f '(k)> 0 while f "(k) < 0. 
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CAPITAL GAINS, INCOME, AND SAVING 21 

What happens when p is equal to unity? Since 
k = sf(k)-(1-s)pk-nk, for p = 1, ...(3.6) 

every point of the PPF is a possible momentary equilibrium. If p>0 (or <0) for more 
than " a moment ", p will then differ from unity. But we know that as soon as p differs 
from unity, it moves toward unity. Assuming, as we have throughout, that p is a con- 
tinuous function of time, then it follows that ifp = 1, then p : 0 only for isolated moments. 
Thus, although momentary equilibrium is not unique when p = 1, the system is causal: If 
ever p is equal to unity, it will remain at unity and k = sf(k) -nk except on a set of measure 
zero. 

If p = 1 and p = 0, there are no capital gains and the economy behaves just as Solow 
described it. That is, 

f(k) n as t-+oo. 
k s 

Thus, in the one-sector model the unique long-run balanced growth equilibrium is globally 
stable. 

Government Debt. In the simple two-commodity closed economy, the possibility of 
specialization is little more than a curiosum. Therefore, Solow's omission of prices (and 
thus capital gains) in the one-sector model was not unjustified. On the other hand, if 
there exists a second store of value, for example, government debt, the possibility of zero 
investment is no longer a mere curiosum. 

Again, we take consumption as the numeraire so that 
W= Pk+PBB+CG, ... (3.7) 

where B (for bonds) is the nominal stock of government debt and PB is the consumption 
price of a bond. If CG denotes appreciation in the consumption value of assets, then 

CG = fiK+IpBB. ...(3.8) 
Assume that the nominal rate of interest on government bonds is zero.' Then, for the 
asset market to be in momentary equilibrium it is required that both assets yield the same 
rate of return, i.e., 

p + max (1, p)f' = PB ...(3.9) 
P p PB 

Equation (3.9) states that both assets must have the same rental plus price appreciation 
per consumption unit.2 If both goods are produced, then the market price of capital 
must equal the market price of output which in turn must equal the market price of con- 
sumption, i.e., p = 1. Let 0 = B/B be the increase in the nominal supply of bonds and 
b = pBB/L be the consumption value of theper capita stock of bonds. Then from (3.7) and 
(3.8), if we assume I that the consumption value of the community's savings (change in 
the value of wealth) is a constant fraction s of the consumption value of Individual 
Purchasing Power 4 (output plus the change in the value of wealth), 

k/k = sf(k)/k-(1-S)[0 + (PB/pB)]blk- n. 
1 Indeed, the reader may think of this non-interest bearing debt as " money " in an economy in which 

there are no transactions nor liquidity preference demands for money. 
2 Our model is easily extended to the case where bonds are more liquid than capital. Then the demand 

for bonds would depend on the rates of return on bonds as well as on capital, but then, in general, equation 
(3.9) would not hold. See [11] and [13]. 

3 We assume throughout that individuals instantaneously adjust their expectations about price changes. 
That is, expected right-hand time derivatives of price are set equal to actual left-hand derivatives. If p(t) 
is continuously differentiable, then instantaneous adjustment is equivalent to short-run perfect foresight. 

4 Since government expenditures are equal to zero, the rate of increase in the outstanding stock of 
bonds is equal to the government budget deficit which in turn equals transfers minus taxes. Thus, 

: =pK+fiBB+pBB+max (1, p)Q. 
If both goods are produced, then p a 1 and p) = 0. 
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22 REVIEW OF ECONOMIC STUDIES 

Since we are only considering the case where both goods are produced p _ 1, from (3.9) 
we have that 

f= PB/PB 
and therefore 

k/k = sf(k)/k-(1 - s)[O +f'(k)](b/k)-n . .(3.1O) 
Logarithmic time differentiation yields 

b = [f'(k)+O-n]b, ...(3.11) 
from (3.9) and the definition of b. 

We analyze the dynamic behaviour of the system (3.10)-(3.11) assuming that the 
government pursues alpolicy of a constant rate of expansion of the nominal supply of 
bonds, i.e., the case when 0 is a given constant. From (3.11), b = 0 if and only if 

f'(k) = n-0. 
If the production function is neoclassical and satisfies the Inada conditions, then for 
n>O, there exists a unique value k* of the capital-labour ratio that yields a stationary to 
(3.11) for b 7 0, i.e., 

f'(k*) = n-0>0. 
This is indicated in the phase diagram of Fig. 3. For k>k*, b is decreasing, for k<k*, 

k< O 
> O 

< o J b < 0 

>*; X b=O 

f >Z , ~~~~~~k < O 

S-~ ~~~~~~~~ o 

b*GuRE 3 
FIGURE 3 

This content downloaded from 132.236.27.111 on Thu, 21 May 2015 18:34:23 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


CAPITAL GAINS, INCOME, AND SAVING 23 

b is increasing. Setting the left-hand side of (3.10) equal to zero and substituting k* for 
k shows that the stationary solution (b*, k*) to differential equations (3.10) and (3.11) 
is unique and that b* is given by 

b*= sf(k*) - nk* 
(1-s)n 

If b = 0, k = 0 if sf(k) = nk. Therefore, there exists a second non-trivial balanced 
growth equilibrium 1 which is denoted in Fig. 3 by the point (0, k**), where sf(k**) = nk**. 
It should be noted that b* 2 0 as k* S k**. 

In what follows, it is assumed that the production function f(Q) and the parameters 
n and 0 are such that b* is positive.2 Setting k = 0, implicit differentiation of (3.10) yields 

(dk - (1-s)[0 +f '(k)] 

kdblk = o sf '(k)-n-(1-s)bf "(k) 
which is unsigned, although under our assumptions the - = 0 locus intersects the b = 0 
locus exactly once.3 From Fig. 3, we see that to the right of the k = 0 curve, k is decreas- 
ing; to the left of the k = 0 curve, k is increasing. Thus, the equilibrium (b*, k*) is a 
saddlepoint. That is, given initial endowments K(0), L(0), B(0) there exists only one 
initial assignment of the price of bonds PB(O) that will lead the economy to the non-trivial 
balanced growth state with bonds, (b*, k*). As in the models of Cagan [1], Sidrauski [11], 
Hahn [2], and Shell and Stiglitz [10], there is nothing in the model so far presented to 
ensure that this unique initial price be " chosen " by the economy. The Solow zero bond 
equilibrium (0, k**) is, on the other hand, locally stable. 

Paths not converging to the (b*, k*) equilibrium either (a) converge to the Solow (0, k**) 
balanced growth equilibrium or (b) in finite time have such large capital gains that real 
investment goes to zero. In Fig. 3, we have indicated by a dashed curve the locus of points 
along which all of output is consumed while p = 1. To the right of the dashed curve p 
must be less than unity. Along the dashed curve 

b = sf(k) 
(1 -s)[0+f'(k)] 

and 
db sf'(k) sf(k)f"(k) >0 for O<k<k* or 0 2 0. 
dk ( (1-s)[0 f'(k)] (1-s)[O +f'(k)]2 

Consider a trajectory crossing the dashed line from the left with p = 1. The asset 
market clearing equation is AB/PB = (fl'p)+(j3/p) and therefore the savings-investment 
equation yields 

p[(sf/(l - s)b) -0] -f' 
(pk/b)+ 1 

With p < l, k/k =-n<0 and in finite time k<k* so that in finite time 
(f '/p)+0-n>f `+ 0-n>0. 

Since (b/b) = 0-n+(f'/p)+(p/p), d(pk/b) <0. So p <1 falls faster than at a constant 
dt 

absolute rate, and thus the price of capital goes to zero in finite time. 
1 The Solow zero-bonds equilibrium. 
2 It is interesting to notice that if the government sets a too high (greater than n), then there is no steady 

state solution in which the public holds bonds. There is nothing unreasonable about b < 0. The government 
is both a creditor and a debtor to the public (e.g., Federal Home Mortgages), and b < 0 means that credits 
exceed debits. 

3 For k to equal zero, b - sf(k)-nk _; b = 0 if sf = nk, and rim (b)k O = 0. (Observe that (1 - s) i s +f k (k),' k-b.0 
along k = 0 b is single valued in k, but k is not single valued in b.) 
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But if capital is freely disposable when p = 0, p ? 0. Since f '> 0, the rate of return 
on capital is then infinite. Remember that asset market clearance requires that 

(WP/)+(f '/P) = BPB/ 

So with p = 0 and PB> 0, p and PB must be discontinuous and expectations about price 
changes must be frustrated. For a detailed analysis of this type of problem and its implica- 
tions for competitive growth, see Shell and Stiglitz [10]. 

Two important features of this economy distinguish it from our extensions of the 
Solow one-sector model and the Uzawa two-sector model. First, the long-run equilibrium 
(b*, k*) is a saddlepoint. This is a property that the government-debt model shares with 
any competitive model with more than one asset and an asset market clearing equation 
consistent with the hypothesis that individuals instantaneously adjust their expectations 
about price changes.' Second, even when there is no increase in the nominal supply of 
bonds, i.e., when 0 = 0, in the government-debt economy the inclusion of asset appreciation 
implies that the long-run equilibrium capital-labour ratio will be less than in the corre- 
sponding no-bond economy.2 

4. FURTHER IMPLICATIONS OF THE INDIVIDUAL PURCHASING 
POWER SAVINGS HYPOTHESIS 

Units in which Purchasing Power is Reckoned. Unlike most of the neoclassical growth 
models, many of, the important qualitative and quantitative properties of the models 
treated in this paper depend crucially upon the units in which our concept of " income " 
is defined. For example, in the one- and two-sector models, if the change in the capital 
goods value of wealth is assumed to be a constant fraction of the capital goods value of 
Purchasing Power, then development of the economy will be very different from that 
described in Sections 2 and 3. Indeed, if Purchasing Power is reckoned in capital goods 
units, then since capital gains are zero, the stories will be just as Solow and Uzawa told 
them. 

On the other hand, in our economy with government debt, since there are two assets, 
there is no choice of Purchasing Power unit that will eliminate the phenomenon of asset 
appreciation. Consider cases in which the price of the consumption good is equal to 
the price of the capital good. Since B is non-interest bearing government debt, we can 
think of it as " money ". If Purchasing Power is reckoned in consumption (or capital 
goods) units, then 

C = (1-S)[Q+PBB+pBBB] ... .(4.1) 

If, however, Purchasing Power is reckoned in money units, then 

7tC = (1-s)[7rQ+B+iK], ... (4.2) 

where ir is the money price of output (equal to the money prices of consumption and 
capital). Notice that these two specifications of the consumption function are funda- 
mentally different. Under specification (4.1), the larger the rate of inflation (i.e., the smaller 

1 See Hahn [2] and Shell and Stiglitz [10]. There is an important difference between the growth model 
with government debt and the heterogeneous capital goods models treated in [10]. In the heterogeneous 
capital goods models, on all paths not tending to balanced growth, expectations about price changes are 
frustrated in finite time. In the model with government debt, expectations are not frustrated on paths 
tending to the k-axis. This is because we assumed that the own rate of interest on bonds is zero. In the 
heterogenous capital goods model given initial endowments, one and only one assignment of initial prices 
is consistent with non-disappointment of expectations; in the government debt model, many (but not all) 
initial price assignments are consistent with non-disappointment of expectations. 

2 So " government debt matters " in the sense that its inclusion affects the long-run equilibrium 
capital-labour ratio, the dynamic stability of the system and, of course, the adjustment path. See also 
Tobin [13] and Sidrauski [11]. 

If b* < 0, the long-run capital-labour ratio is greater than in the corresponding no-bond equilibrium. 
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PB), the smaller is consumption C, while under specification (4.2), the larger the rate of 
inflation Ai, the larger is consumption C. 

In what units do individuals reckon Purchasing Power? Money is the most convenient 
unit of accounting. In a world with many commodites and many assets, individuals may 
find it convenient to follow the simple decision rule: Save a given percentage of the money 
value of Purchasing Power. But, of course, following such a rule will imply money 
illusion.' 

Depreciation. In their survey article, Hahn and Matthews [3] have called attention 
to the problems raised by depreciation: Are gross savings a constant fraction of gross 
income or are net savings a constant fraction of net income? It should be clear that the 
behaviour of the economy in the short run and in the long run depends upon which of 
these assumptions is chosen. For example, in the one-sector model when the price of 
consumption is equal to the price of capital, the " net-net " hypothesis yields 

k = s[f(k)-Mk]-nk. 
If population is not growing, n = 0, the "net-net " economy asymptotically tends to zero 
consumption. And it is this " net-net assumption which agrees with our hypothesis 
that the net change in wealth is a constant fraction of Purchasing Power.2 

University of Pennsylvania K. SHELL 
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