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Overview

« Why are indivisible goods important?

« Pure exchange economies
* One indivisible good
2 states of the world
N agents
 Heterogeneous endowments
Continuous sunspots

2 goods

* Application: employment lotteries
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Pure exchange — Setup |

« Consumption set RY,x{0, 1}¢~/
« Measure space (I, Q, a) of consumers
 vNM utility function U*: X - R
« Endowments e! € RK,
* kb =1
« Walrasian equilibrium
maxyex Ui(x)

px < pe

fxia(di) < feia(di)
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Pure exchange — One indivisible good

+ X={0,1},1=2,et = e? = -
e WE:x'=x*=0,U'=U?=0

Not Pareto optimal: (1, 0) or (0, 1) strictly dominates

First Welfare Theorem doesn’t hold
« Randomization:

1 oy _ | (1,0) with prob.=
(%) = {(0, 1with prob. =

e FU'= mU'(1) > 0,EU? = m,U%(1) >0
LE Pareto dominates WE
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Pure exchange — Setup |l

Probability space (S, 2, )

Commodity space: x:S — R/
J X pp(s)m(ds) = 1
Sunspot equilibrium

maximizeEUin Ul[x'(s)]m(ds)
S

subject to j

p(s)x(s)m(ds) < j p(s)e'n(ds) = W;
s

S

jxi(s)a(di) < Jeia(di)
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Pure exchange — two states

1

. x={0,1},|=2,31232:2
* S ={s1,52}
* maximize EU' = nlUi[xi(sl)] + ﬂzUi[Xi(Sz)]

. . 1
subject to p(s1)x'(s;) + p(sy)x'(sy) < 5

Proposition 1. Inthe economy with X = {0,1}, N=2,e' =¢* =1/2,and S = {s,,s,},
we have: (a) If n, #n, then SE do not exist. (b) If m,=m, then there are
exactly two SE, with prices p(s,)=p(s,)=1/2 and one of the following two
allocations
[x'(s,), ¥ ()] = (1,0) and [x¥sy),x%(s2)] =0, 1)
[x'(s1),x"(s2)1=(0,1) and [x(s,), x*(s;)]=(1,0), (2.4)

which are simply relabelings of the same outcome. (c) All SE are nondegenerate,
and in particular, the WE allocation cannot be supported as a SE. (d) The SE are
Pareto optimal with respect to Z and dominate the WE allocation.
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Pure exchange — two states

[x(s1),x(s,)] = (1, 0) or [x(s;),x(s5)] = (0, 1) is affordable vp
Feasibility constraint: ¥; x'(s) < 1 — (c) holds

Let [x1(s1),x1(s,) = (1,0)] and [x?(s;), x*(s,) = (0,1)] be a SE.
U (D) + (1 —n)U0) > U (0)+ (1 —m)U(Q) or my >

mUZ(0) + (1 - m)U(1) 2 mUA(L) + (1 — m)U2(0) or my < 2

Hence (a) holds

Allocations solve the maximization problem if and only if
p(s1) = p(sz) — (b) holds
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Pure exchange — N agents

Proposition 2. The economy with X ={0,1} and N consumers with ¢’ =e <1 for
all i has a unique WE with x' =0 for all i. Let n = int(Ne) and let n*/N* reduce n/N
(o its lowest terms. Then this economy has a SE with N* states, n(s;) = p(s;) = 1/N*,
and an allocation where x’!{sd,] =1 in n* states and x‘{sj) =0 in N* —n* states for

all i. If n* 2 1, then the SE is optimal with respect to Z and dominates the WE, and
the WE does not reappear as a SE.

Each agent can afford at most n* units

U is strictly concave, hence a SE has the following properties:

« x!=1inn*states and x! = 0in N* - n* states for all i

e xi(s)=1for Z— agents and x!(s) = 0 for others for all s (market
clearing)
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Pure exchange — N agents

Sl 32 53 s &'2 53

1 1 0 0 1 1 0 1

2 0 1 0 2 1 1 0

3 0 0 1 3 0 1 1
a b

Fig. la. N*=3and n*=1.b N*=3 and n* = 2.

« x'(sj) = a fori=1,..,N*, for others reproduce the
allocation
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Pure exchange — heterogeneous endowments

e X={0,1},N=2,0<el <e? el + e?=1,S ={s,s,}
 Either A or B is affordable

p(sy) _ e?

p(s1) el
* [x*(s1),x"(s2)]1 = (1, 0) and

[x*(s1), x*(s2)] = (0, 1)

if and only if m; < %

Different probabilities imply
different SE and EU

Fig. 2. The Edgeworth Box.
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Pure exchange — heterogeneous endowments
e ifm=my = % then EU' = EU? = %U"(l) regardless of e; and e,
« ifN =2, SE is in the core for any m,

* in case of replication, agents can

form coalitions to influence m(s)

« Continuum of agents, typest=1,...,T,
fraction a;, Y, aef =1
* Any coalition of type t agents can have

;| 1withprob.= €'
~ |Owithprob.=1 — et

* Any core allocation must have

prob.(x! = 1) > e!, but feasibility ensures

prob.(x! = 1) > e! is impossible Fig. 2. The Edgsworth Box.
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Pure exchange — Continuous sunspots
- et €[0,1], [ eta(di) = 1, s has density ¢(s)

o maximize [, U |x1(s)]p(s)ds

subject to | p(s)xi(s)ds < e
* In equilibrium p(s) = ¢(s) - otherwise arbitrage is possible

. .X'i(S): {1ifSESi

0 eloe where prob(S;) = e' for all i

Proposition 3. Suppose | e'u(di)= 1. Let 5 be continuous with density ¢(s). Then, up
to a relabeling, there is a unique SE, and it has the following properties: (a) p(s) = o(s)
for all s, and (b) prob(x')= ¢ for almost all i. The corresponding allocation is the
unique core allocation that necessarily survives replication. With a finite distribu-
tion for s, there can be other SE, with allocations such that prob (x') # ¢’
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Pure exchange — 2 goods

- X =R,x{0,1}, continuum of agents, e‘ = (é,%), U (x1, %) =
u(xq) +u(xy)

« WE: fraction % gets (x!;, x%,) = (1,0) and fraction % gets (xi, xi) =
(0,1)

« U!=u(1) and WE is Pareto optimal

G, O) withm, =

1
« However (xi,x%,) = 21 dominates WE by strict
2

G, 1) with m, =
concavity of u

 SE: pi(s;) = pa(s;) forall s;
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Employment lotteries — Setup

14

X =R,x{0,1}
Continuum of agents with unit mass
U(x1,x5) = U(c, 1), e = (0,1)
Production setY = {y €R?, 1 y; < f(¥,)}, (y1,¥2) = (¢, h)
Profit is distributed equally as dividends
maximize U(c,1)
subjectto pc +wl <w +11
maximize Il = pg — wh
[lldi+h=1, [c'di=q
WE- (ci, li) _ {(H, 1) for fraction 1 - 1 (unemployed)
(w + I1,0) for fraction p (employed)
WE is unique and Pareto optimal, U(I1,1) = U(w + 11, 0)
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Employment lotteries — Social planner

- Randomization: (¢!, %) = { (cl(,cg,)()\/.);ivtvfityirl:; j _uu
Maximize V = uU(cy,0) + (1 — w)U(cq, 1)
Subjectto uco + (1 — ey < f(w),u <1
« FOC:

U(cy,0) —U(cy, D+ Alf'(W —cop+ ¢l = B
uU;(cp,0) — pA =0
1-wUi(c, D -1 =-wWA=0
fw) — wep —(A1—pwe; =0
u<1l pA-w=0
« |If u* <1 welfare is improved
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Employment lotteries - Decentralization

Maximize EU = [, U[c(s), L(s)]n(ds)
Subject to [, [p(s)c(s) + w(s)I(s)Im(ds) < T + [, w(s)m(ds)
Maximize I = [, [p(s)q(s) — w(s)h(s)]m(ds)
[1i(s)di + h(s) = 1, [ ci(s)di = q(s)

Proposition 4. In the indivisible labor economy, the planner’s randomized allocation
can be supported as nondegenerate SE.
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Employment lotteries - Decentralization

« s~U[0,1],p(s) = Lw(s) = f'(u)
« Maximize profit — f'|h(s)] = w(s) — h(s) = u*

 Denote Sy ={s € S:l(s)=0}and S; = {s € S:l(s) = 1},
prob.(Sy) = A

Maximize EU = ﬁfSO Ulc(s),0]ds + (1 — ) fsl Ulc(s), 1]ds

Subject to fSO c(s)ds + fsl c(s)ds+ @A —Df (u)=1T+ f'(u*)

Co for s € 5,

« By strict concavity c(s) = {c“ forsesS
1 1
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Employment lotteries - Decentralization

Maximize EU = [dU(Ey,0) + (1 — @)U (¢4, 1)
Subject to fico + (1 — 1) & — if'(w") = f(") — ' f (1"
« FOC:
U(Cy,0) —U(, D)+ X[f'(u) — o+ ¢ =B
(iU, (6p,0) — X =0
1-DU (6, D -A—-DX=0
fwH+@—w)f'(u) — Aty —(A—-@eé =0
p<1,  BA-mH=0
» Social planner allocation is a solution
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Employment lotteries - Decentralization
Oifie[l—u"—s,1—5]
1 otherwise

lifie[l—s2—u —s]
0 otherwise

e Ifs<1—u*thenli(s) = {

e Ifs>1—u*thenli(s) = {

e Then [l'(s)ds=1—pu*and [I!(s)di =1—u*

« SE is Pareto optimal and dominates WE

Ll

* 1 1 ;

2/3 K

19 Johnson | Cornell SC Johnson College of Business



Employment lotteries - Decentralization

with N*equiprobable states, where . |

each individual works in n*

Oifie[l—u"—s,1—5]
1 otherwise
lifie[l—s2—u —s]
0 otherwise

If s <1—pu*then I}(s) = {

If s > 1 — pu* then I}(s) = {

Then [[!(s)ds=1—p*and [I!(s)di=1—u"

SE is Pareto optimal and dominates WE

1
X 1 1 =

If u* = ;— then there is a SE 213 e

VHER R
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