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Overview

• Why are indivisible goods important?

• Pure exchange economies
• One indivisible good

• 2 states of the world

• N agents

• Heterogeneous endowments

• Continuous sunspots

• 2 goods

• Application: employment lotteries
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Pure exchange – Setup I

• Consumption set RJ
+×ሼ0, 1ሽ௄ି௃

• Measure space (I, Ω, α) of consumers

• vNM utility function ܷ௜: തܺ → ܴ

• Endowments ݁௜ ∈	RK
+

• ∑ ௞௞݌ ൌ 1

• Walrasian equilibrium

௫∈௑ݔܽ݉ ܷ௜ ݔ
	ݔ݌ ൑ ௜݁݌

නݔ௜ߙ ݀݅ ൑ 	න ݁௜ߙሺ݀݅ሻ
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Pure exchange – One indivisible good

• X = {0, 1}, I = 2, ݁ଵ ൌ 	 ݁ଶ ൌ 	 ଵ
ଶ

• WE: ݔଵ ൌ ଶݔ	 ൌ 0, ܷଵ ൌ 	ܷଶ ൌ 0
• Not Pareto optimal: (1, 0) or (0, 1) strictly dominates

• First Welfare Theorem doesn’t hold

• Randomization: 

,ଵݔ ଶݔ ൌ 	 ቊ 1, 0 ൌ.ܾ݋ݎ݌	݄ݐ݅ݓ	 	ଵߨ	
0, 1 ൌ.ܾ݋ݎ݌	݄ݐ݅ݓ ଶߨ	

• ଵܷܧ ൌ ଵܷଵߨ	 1 ൐ 0, ଶܷܧ ൌ ଶܷଶߨ	 1 ൐ 0
• LE Pareto dominates WE
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Pure exchange – Setup II

• Probability space (S, Σ, π)
• Commodity space: ݔ: ܵ	 → ܴ௃

• ∑׬ ௞͠௞݌ (s)ߨ ݏ݀ ൌ 1

• Sunspot equilibrium

maximize	ܷܧ௜ ൌ 	න ܷ௜ሾݔ௜ሺݏሻሿߨሺ݀ݏሻ
ௌ

න݋ݐ	ݐ݆ܾܿ݁ݑݏ ῀݌ ݏ ௜ݔ ݏ ߨ ݏ݀ ൑ 	න ῀݌ ݏ ݁௜ߨ ݏ݀ ≡ 	 ௜ܹ
ௌௌ

න ߙሻݏ௜ሺݔ ݀݅ ൑ 	න ݁௜ߙሺ݀݅ሻ
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Pure exchange – two states

• X = {0, 1}, I = 2, ݁ଵ ൌ 	 ݁ଶ ൌ 	 ଵ
ଶ

• S = {ݏଵ, {ଶݏ

• ௜ܷܧ	݁ݖ݅݉݅ݔܽ݉ ൌ ଵܷ௜ߨ	 ௜ݔ ଵݏ ൅ ଶܷ௜ߨ ௜ݔ ଶݏ

݌	݋ݐ	ݐ݆ܾܿ݁ݑݏ ଵݏ ௜ݔ ଵݏ ൅ ݌ ଶݏ ௜ݔ ଶݏ ൑ 	
1
2
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Pure exchange – two states

• ݔ] ଵݏ , ݔ] ଶሻ] = (1, 0) orݏሺݔ ଵݏ , ݌∀ ଶሻ] = (0, 1) is affordableݏሺݔ
• Feasibility constraint: ∑ ௜ݔ ݏ ൑ 1௜ → (c) holds
• Let [ݔଵ ଵݏ , ଵݔ ଶݏ ൌ ሺ1, 0ሻ] and [ݔଶ ଵݏ , ଶݔ ଶݏ ൌ ሺ0, 1ሻ] be a SE.

ଵܷଵߨ 1 ൅ 1 െ ଵߨ ܷଵ 0 ൒ ଵܷଵߨ 0 ൅ 1 െ ଵߨ ܷଵ 1 or ߨଵ ൒ 	
ଵ
ଶ

ଵܷଶߨ 0 ൅ 1 െ ଵߨ ܷଶ 1 ൒ ଵܷଶߨ 1 ൅ 1 െ ଵߨ ܷଶ 0 or ߨଵ ൑ 	
ଵ
ଶ

Hence (a) holds
• Allocations solve the maximization problem if and only if 
݌ ଵݏ ൌ ݌ ଶݏ →	(b) holds
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Pure exchange – N agents

• Each agent can afford at most n* units

• U is strictly concave, hence a SE has the following properties:
• ௜ݔ ൌ 1 in n* states and ݔ௜ ൌ 0	in N* - n* states for all i

• ௜ݔ ݏ ൌ 1 for ௡
∗

ே∗
agents and ݔ௜ ݏ ൌ 0	for others for all s (market 

clearing)
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Pure exchange – N agents

• ௜ݔ ௝ݏ ൌ 	ܽ௜௝ for ݅ ൌ 1,… ,ܰ∗, for others reproduce the 
allocation
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Pure exchange – heterogeneous endowments

• X = {0, 1}, N = 2, 0 ൏ ݁ଵ ൏ ݁ଶ, ݁ଵ ൅	݁ଶ ൌ 1, S = {ݏଵ, {ଶݏ

• Either A or B is affordable

• ௣ሺ௦మሻ
௣ሺ௦భሻ

ൌ ௘మ

௘భ
→ 

• ଵݔ] ଵݏ , ଶሻ] = (1, 0) andݏଵሺݔ

ଶݔ] ଵݏ ,  ଶሻ] = (0, 1)ݏଶሺݔ

if and only if ߨଵ ൑ 	
ଵ
ଶ

• Different probabilities imply

different SE and EU
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Pure exchange – heterogeneous endowments
• if ߨଵ ൌ ଶߨ	 ൌ

ଵ
ଶ

then ܷܧଵ ൌ ଶܷܧ	 ൌ 	 ଵ
ଶ
ܷ௜ሺ1ሻ regardless of ݁ଵ and ݁ଶ

• if N = 2, SE is in the core for any ߨଵ
• in case of replication, agents can 

form coalitions to influence ߨሺݏሻ

• Continuum of agents, types t = 1,…,T, 

fraction ߙ௧, ∑ ௧݁௧ߙ ൌ 1௧

• Any coalition of type t agents can have

௜ݔ ൌ ቊ .ܾ݋ݎ݌	݄ݐ݅ݓ	1 ൌ 	 ݁௧

ൌ.ܾ݋ݎ݌	݄ݐ݅ݓ	0 1	 െ	݁௧

• Any core allocation must have 

prob.(ݔ௜ ൌ 1) ൒	݁௧, but feasibility ensures 

prob.(ݔ௜ ൌ 1) ൐	݁௧ is impossible
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Pure exchange – Continuous sunspots
• ݁௜ ∈ 0,1 , ׬ ݁௜ߙ ݀݅ ൌ 1, s has density φ(s)

• 	݁ݖ݅݉݅ݔܽ݉ ׬ ܷ௜ ௜ݔ ݏ ߮ ݏ ௌݏ݀

subject to ׬ ݌ ݏ ௜ݔ ݏ 	ݏ݀ ൑ 	 ݁௜ௌ

• In equilibrium ݌ ݏ ൌ 	߮ ݏ - otherwise arbitrage is possible

• ௜ݔ ݏ ൌ 	 ൜1	݂݅	ݏ ∈ ௜ܵ
݁ݏ݈݁	0

where ܾ݋ݎ݌ ௜ܵ ൌ 	 ݁௜ for all ݅
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Pure exchange – 2 goods

• X = R+×{0,1}, continuum of agents, ݁௜ ൌ ሺଵ
ଶ
, ଵ
ଶ
ሻ, ܷ௜ ,ଵݔ ଶݔ ൌ

ݑ ଵݔ ൅ ଶሻݔሺݑ

• WE: fraction ଵ
ଶ

gets (x݅1, x݅2) = (1,0) and fraction ଵ
ଶ

gets (x݅1, x݅2) = 
(0,1)

• ܷ௜ ൌ ሺ1ሻݑ and WE is Pareto optimal

• However (x݅1, x݅2) = ቐ
ଵ
ଶ
, 0 ଵߨ	݄ݐ݅ݓ ൌ

ଵ
ଶ
	

ଵ
ଶ
, 1 ଶߨ	݄ݐ݅ݓ ൌ

ଵ
ଶ

dominates WE by strict 

concavity of u

• SE: ݌ଵ ௝ݏ ൌ ଶ݌	 ௝ݏ for all ݏ௝
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Employment lotteries – Setup

• X = R+×{0,1}
• Continuum of agents with unit mass
• U(ݔଵ, ,ܿ)ଶ) = Uݔ ݈ሻ, ݁ ൌ ሺ0, 1ሻ
• Production set Y = {ݕ ∈R2

+ ଵݕ : ൑ ݂ሺݕଶሻ}, (ݕଵ, ,ݍ) = (ଶݕ ݄)
• Profit is distributed equally as dividends

ܷ	݁ݖ݅݉݅ݔܽ݉ ܿ, ݈
subject to ܿ݌ ൅ 	݈ݓ ൑ ݓ ൅ Π

maximize Π ൌ 	ݍ݌ െ ݄ݓ

׬ ݈௜݀݅ ൅ ݄ ൌ 1 ׬ , ܿ௜݀݅ ൌ ݍ

• WE: ܿ௜, ݈௜ ൌ 	 ቊ Π, 1 1	݊݋݅ݐܿܽݎ݂	ݎ݋݂	 െ μ	ሺ݀݁ݕ݋݈݌݉݁݊ݑሻ	
	ݓ ൅ 	Π, 0 ሻ݀݁ݕ݋݈݌ሺ݁݉	μ	݊݋݅ݐܿܽݎ݂	ݎ݋݂	

• WE is unique and Pareto optimal, ܷ Π, 1 ൌ ܷሺݓ ൅ Π, 0ሻ
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Employment lotteries – Social planner

• Randomization: ܿ௜, ݈௜ ൌ 	 ቊ ܿ଴, 0 πଵ	݄ݐ݅ݓ	 ൌ 	μ
ܿଵ, 1 ଶߨ	݄ݐ݅ݓ	 ൌ 1 െ 	ߤ

Maximize ܸ ൌ ܷߤ ܿ଴, 0 ൅ 1 െ ߤ ܷሺܿଵ, 1ሻ

Subject to ܿߤ଴ ൅ 1 െ ߤ ܿଵ ൑ ݂ሺߤሻ, ߤ ൑ 1

• FOC:
ܷ ܿ଴, 0 െ ܷ ܿଵ, 1 ൅ 	λ ݂ᇱ μ െ ܿ଴ ൅ ܿଵ ൌ 	β

ߤ ଵܷ ܿ଴, 0 െ 	μλ ൌ 0
1 െ ߤ ଵܷ ܿଵ, 1 െ 1 െ μ λ ൌ 0
݂ ߤ െ ଴ܿߤ	 	െ 1 െ ߤ ܿଵ ൌ 0
ߤ ൑ 1, ߚ 1 െ ߤ ൌ 0

• If ߤ∗ ൏ 1 welfare is improved
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Employment lotteries - Decentralization

Maximize ܷܧ ൌ	׬ ܷሾܿ ݏ , ݈ሺݏሻሿߨሺ݀ݏௌ )

Subject to ׬ ݌ ݏ ܿ ݏ ൅ ݓ ݏ ݈ ݏ ߨ ݏ݀ ൑ Π	 ൅	׬ ሻௌௌݏሺ݀ߨሻݏሺݓ

Maximize Π ൌ	׬ ሾ݌ ݏ ݍ ݏ െ ݓ ݏ ݄ሺݏሻሿπሺ݀ݏሻௌ

׬ ݈௜ ݏ ݀݅ ൅ ݄ ݏ ൌ ׬ ,1 ܿ௜ ݏ ݀݅ ൌ ሻݏሺݍ
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Employment lotteries - Decentralization

• ܷ~ݏ 0,1 , ݌ ݏ ൌ ݓ,1 ݏ ൌ  (∗ߤ)′݂
• Maximize profit → ݂ᇱ ݄ ݏ ൌ ሻݏሺݓ → ݄ ݏ ൌ ∗ߤ	

• Denote ܵ଴ ൌ ݏ ∈ ܵ: ݈ ݏ ൌ 0 and ଵܵ ൌ ሼݏ ∈ ܵ: ݈ ݏ ൌ 1ሽ, 
.ܾ݋ݎ݌ ܵ଴ ൌ ̂ߤ	

Maximize ܷܧ ൌ ߤ̂	 ׬ ܷ ܿ ݏ , 0 ݏ݀ ൅ ሺ1 െ μ̂ሻ ׬ ܷ ܿ ݏ , 1 ௌభௌబݏ݀

Subject to ׬ ܿ ݏ ݏ݀ ൅	׬ ܿ ݏ ௌభௌబݏ݀
൅ 1 െ ොߤ ൌ(∗ߤ)′݂ Π ൅ ݂′ሺߤ∗ሻ

• By strict concavity ܿ ݏ ൌ 	 ቊܿ଴̂	݂ݎ݋	ݏ ∈ ܵ଴ܿଵ̂	݂ݎ݋	ݏ ∈ ଵܵ
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Employment lotteries - Decentralization

Maximize ܷܧ ൌ	ߤොܷ ܿ̂଴, 0 ൅ 1 െ ߤ̂ ଵܷ ܿଵ̂, 1

Subject to ߤොܿ̂଴ ൅ ሺ1 െ μ̂ሻ ܿ̂ଵ െ μො݂ᇱ ∗ߤ ൌ ݂ ∗ߤ െ ሻ∗ߤሺ′݂∗ߤ

• FOC:
ܷ ܿ଴̂, 0 െ ܷ ܿଵ̂, 1 ൅ 	λ̂ ݂ᇱ ∗ߤ െ ܿ଴̂ ൅ ܿଵ̂ ൌ 	β̂

ߤ̂ ଵܷ ܿ଴̂, 0 െ 	μ̂λ̂ ൌ 0
1 െ ߤ̂ ଵܷ ܿଵ̂, 1 െ 1 െ μ̂ λ̂ ൌ 0

݂ ∗ߤ ൅ ොߤ െ ∗ߤ ݂′ሺߤ∗ሻ െ ଴̂ܿ̂ߤ	 	െ 1 െ ߤ̂ ܿଵ̂ ൌ 0
ߤ̂ ൑ 1, ߚ̂ 1 െ ߤ̂ ൌ 0

• Social planner allocation is a solution
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Employment lotteries - Decentralization

• If ݏ ൑ 1 െ ∗ߤ then ݈௜ ݏ ൌ 	 ൜0	݂݅	݅ ∈ ሾ1 െ ∗ߤ െ ,ݏ 1 െ ሿݏ
݁ݏ݅ݓݎ݄݁ݐ݋	1

• If ݏ ൐ 1 െ ∗ߤ then ݈௜ ݏ ൌ 	 ൜1	݂݅	݅ ∈ ሾ1 െ ,ݏ 2 െ μ∗ െ ሿݏ
݁ݏ݅ݓݎ݄݁ݐ݋	0

• Then ׬ ݈௜ ݏ ݏ݀ ൌ 1 െ ∗ߤ and ׬ ݈௜ ݏ ݀݅ ൌ 1 െ ∗ߤ

• SE is Pareto optimal and dominates WE

• ∗ߤ ൌ 	 ଵ
ଷ
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Employment lotteries - Decentralization

• If ݏ ൑ 1 െ ∗ߤ then ݈௜ ݏ ൌ 	 ൜0	݂݅	݅ ∈ ሾ1 െ ∗ߤ െ ,ݏ 1 െ ሿݏ
݁ݏ݅ݓݎ݄݁ݐ݋	1

• If ݏ ൐ 1 െ ∗ߤ then ݈௜ ݏ ൌ 	 ൜1	݂݅	݅ ∈ ሾ1 െ ,ݏ 2 െ μ∗ െ ሿݏ
݁ݏ݅ݓݎ݄݁ݐ݋	0

• Then ׬ ݈௜ ݏ ݏ݀ ൌ 1 െ ∗ߤ and ׬ ݈௜ ݏ ݀݅ ൌ 1 െ ∗ߤ

• SE is Pareto optimal and dominates WE

• ∗ߤ ൌ 	 ଵ
ଷ

• If ߤ∗ ൌ 	 ௡
∗

ே∗
, then there is a SE 

with ܰ∗equiprobable states, where

each individual works in ݊∗


